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a b l e ,  three-dimensional t r a j e c t o r y  i s  constructed t h a t  begins a t  t h e  current  a i r c r a f t  pos i t ion ,  
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condi t ions,  and thus can be  used i n  a closed-loop feedback l a w .  
The construct ion of t h e  required t r a j e c t o r y  i s  divided i n t o  t h r e e  problems solved i n  sequence. 
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hor izonta l  t r a j e c t o r y  by t h e  amount required t o  synthesize a f lyable  speed p r o f i l e .  Third, t h e  
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c O  
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hf 
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RT 
L 
L1 
L2 

Ld 
rate of speed change i n  t h e  f i r s t  segment of a three-segment speed 
p r o f i l e  
ra te  of speed change i n  t h e  t h i r d  segment of a three-segment speed 
p r o f i l e  
i n  speed p r o f i l e ,  a c c e l e r a t i o n ,  numerically p o s i t i v e  
i n  speed p r o f i l e ,  dece le ra t ion ,  numerically negat ive 
i n i t i a l  c i r c l e  of  u n i t  r ad ius  
f i n a l  c i r c l e  of u n i t  r ad ius  
h
signed d i s t ance  of POPv; p o s i t i v e  i f  t h e  corresponding vec to r  no 
po in t s  away from Pv 
A
signed d i s t ance  of PvPf; p o s i t i v e  i f  t h e  corresponding vec to r  nf 
po in t s  away from P, 
s igned d i s t ance  from P, t o  another po in t  P which has t h e  same 
s u b s c r i p t s  as d 
a c c e l e r a t i o n  of g r a v i t y  
c r u i s i n g  a l t i t u d e  
f i n a l  a l t i t u d e  
r a t e  of a l t i t u d e  change; t h e  s ink  r a t e  i f  negat ive 
numerical constant  f o r  pa th  s t r e t c h i n g ,  0 < k < 1 
normalized t o t a l  pa th  l eng th  of h o r i z o n t a l  t r a j e c t o w  
normalized t o t a l  path l eng th  between x i  and xf i n  problem ( d )  
as an a lgeb ra i c  q u a n t i t y ,  t h e  t o t a l  h o r i z o n t a l  path l e n g t h ;  as a 
maneuver symbol, l e f t  t u r n  
minimum d i s t a n c e  t o  be  t r a v e r s e d  i n  t ime i n t e r v a l  t when t h e  speed 
i s  constrained t o  l i e  between Vo and Vf 
maximum d i s t ance  t o  be  t r a v e r s e d  i n  t ime i n t e r v a l  t when t h e  speed 
i s  constrained t o  l i e  between Vo and Vf 
d e s i r e d  pa th  l eng th  f o r  s t r e t c h i n g  
V 

I 

LS s t r e t c h e d  path l eng th  
Lmin minimum d i s t ance  t o  be  t r a v e r s e d  i n  t i m e  i n t e r v a l  t when t h e  speed i s  constrained t o  l i e  between 'min and 'max 
Lmax maximum d i s t ance  t o  be  t r a v e r s e d  i n  t i m e  i n t e r v a l  t when t h e  speed i s  constrained t o  l i e  between and V'min max 
A 
u n i t  vec to r  having t h e  same d i r e c t i o n  as t h e  i n i t i a l  heading q0 
A 
nf u n i t  v e c t o r  having t h e  same d i r e c t i o n  as t h e  f i n a l  heading +f 
i n i t i a l  . ho r i zon ta l  p o s i t i o n  of  t h e  a i r c r a f t  
pf f i n a l  h o r i z o n t a l  p o s i t i o n  of t h e  a i r c r a f t  
PV po in t  of i n t e r s e c t i o n  ( v e r t e x )  of  t h e  two l i n e s  containing t h e  two 
u n i t  vec to r s  no and n f ,  r e s p e c t i v e l y  
P switching p o i n t ;  f irst  s u b s c r i p t  i s  e i t h e r  o or f ,  r e f e r r i n g  t o  
Xy po in t s  i n  t h e  i n i t i a l  l i n e  and i n  t h e  f i n a l  l i n e ,  r e s p e c t i v e l y ;  t h e  
second s u b s c r i p t  d i s t i ngu i shes  d i f f e r e n t  switching p o i n t s  i n  
problem ( a )  
R as an a lgeb ra i c  q u a n t i t y ,  t u r n i n g  r a d i u s ;  as a maneuver symbol, r i g h t  
t u r n  
Rmin minimum t u r n i n g  r ad ius  
S as a maneuver symbol, s t r a i g h t  f l i g h t  
S i  i = 1, 6;  i n  problem ( b )  , switching l i n e s  ; defined i n  equat ions (30)
through (35)  and figure 1 2  
t t i m e ;  i n  the c o n t r o l l e d  t ime-of-arr ival  problem, t ime t o  go be fo re  
reaching t h e  f i n a l  po in t  Pf 
t l  i n  t h e  speed p r o f i l e ,  t ime when constant-speed segment begins  
t 2  i n  t h e  speed p r o f i l e ,  t ime when constant-speed segment ends 
tmin i n  t h e  c o n t r o l l e d  t ime-of-arrival problem, ear l ies t  arr ival  t i m e  achievable with speed c o n t r o l  alone 
i n  t h e  c o n t r o l l e d  t ime-of-arr ival  problem, l a t e s t  a r r i v a l  t i m etmax achievable with speed c o n t r o l  alone 
i n  t h e  speed p r o f i l e ,  durat ion of t i m e  when t h e  speed remains constant  
i n  t h e  a l t i t u d e  p r o f i l e ,  durat ion of  t i m e  when t h e  a i r c r a f t  i s  
descending 
v i  
I 

V 
VO 
vf 
'max 
'min 
Vn 
V
UP 
X 
X '  
xi 
Xf 
Y 

Y '  
' 

'max 
$ 
$0 
$f 
Qi 
QS 

ground speed 
i n i t i a l  ground speed 
f i n a l  ground speed 
lowest achievable speed w i t h i n  t h e  c o n s t r a i n t s  of  Vo, V f ,  t, A,, Ad 
m a x i m u m  ground speed of  t he  a i r c r a f t  i n  t h e  t e r m i n a l  area 
minimum ground speed of t h e  a i r c r a f t  i n  t h e  t e r m i n a l  area 
constant  speed i n  t h e  three-segment speed p r o f i l e  
h ighes t  achievable speed w i t h i n  t h e  c o n s t r a i n t s  of Vo, V f ,  t, A,, Ad 
absc i s sa  of  Po i n  a coordinate  system where t h e  f i n a l  p o i n t  Pf i s  
taken as t h e  o r i g i n ,  t h e  d i r e c t i o n  o f  if as t h e  p o s i t i v e  x-axis,  
and t h e  d i r e c t i o n  t o  t h e  r i g h t  o f  nf
,. 
as the  p o s i t i v e  y-axis 
normalized x ,  where t h e  minimum t u r n i n g  r ad ius  Rmin i s  taken as the 
u n i t  of d i s t ance  
i n  problem ( d )  , t h e  d i s t ance  of t h e  a i r c r a f t  along t h e  f i r s t  segment, 
measuring from t h e  p o i n t  of i n t e r s e c t i o n  
i n  problem ( d ) ,  the  d i s t a n c e  from the  po in t  of i n t e r s e c t i o n  t o  a 
d e s i r e d  f i n a l  po in t  i n  t h e  second segment 
o r d i n a t e  of Po,measured i n  t h e  same coordinate system as x 
normalized o r d i n a t e  of y ,  where the  minimum t u r n i n g  r a d i u s  %in i s  
taken as t h e  u n i t  o f  d i s t a n c e  
bank angle 
maximum bank angle 
heading of  a i r c r a f t  
i n i t i a l  heading of  a i r c r a f t  
f i n a l  heading of a i r c r a f t  
t o t a l  heading change i n  t h e  i n i t i a l  t u r n  
heading of  the s t r a i g h t - l i n e  segment of t he  h o r i z o n t a l  t r a j e c t o r y  
v i  i 
TERMINAL-AREA GUIDANCE ALGORITHMS FOR 
AUTOMATED AIR-'IRAFFIC CONTROL 
Heinz Erzberger and Homer Q. Lee 
A m e s  Research Center 
SUMMARY 
I n  p resen t  a i r - t r a f f i c  c o n t r o l  systems, c e r t a i n  te iminal-area guidance 
problems are solved manually by t h e  p i l o t  and t h e  c o n t r o l l e r .  The s o l u t i o n  of  
t h e s e  problems could b e  automated i n  a new generat ion system with t h e  use of 
ground and a i rbo rne  computers and an improved navigat ion system (such as t h e  
proposed microwave landing system).  The ob jec t ives  of  t h i s  study are t o  for­
mulate t h e s e  problems a n a l y t i c a l l y ,  and t o  o b t a i n  s o l u t i o n s  t o  them i n  t h e  
form of computer-oriented algori thms.  
The p r i n c i p a l  requirement i s  t o  cons t ruc t  a f l y a b l e ,  three-dimensional 
t r a j e c t o r y  t h a t  begins a t  t h e  cu r ren t  a i r c r a f t  p o s i t i o n ,  heading, speed, and 
a l t i t u d e ,  and t h a t  terminates  a t  a p resc r ibed  p o s i t i o n ,  heading, sDeed, a l t i ­
t u d e ,  and t i m e .  The t e rmina l  p o s i t i o n  i s  normally t h e  Instrument Landing Sys­
t e m  (ILS) g a t e ,  or a waypoint, and t h e  t e rmina l  time i s  t h e  assigned landing 
s l o t .  Such p r e c i s e  t ime-posit ion c o n t r o l ,  "four-dimensional guidance," i s  
proposed as an advanced a i r - t r a f f i c  c o n t r o l  technique. The algorithms devel­
oped i n  t h i s  r e p o r t  are app l i cab le  t o  a l l  p o s s i b l e  combinations of i n i t i a l  and 
f i n a l  cond i t ions ,  and thus  can be used i n  a closed-loop feedback l a w .  
The cons t ruc t ion  of t h e  r equ i r ed  t r a j e c t o r y  i s  divided i n t o  t h r e e  p a r t s .  
F i r s t ,  t h e  h o r i z o n t a l  t r a j e c t o r y  i s  c a l c u l a t e d  with a c o n s t r a i n t  on t h e  turn­
i n g  r ad ius .  Algorithms f o r  cons t ruc t ing  t h e  h o r i z o n t a l  t r a j e c t o r y  are given 
f o r  each of  four  c r i t e r i a :  ( a )  t o  f l y  t o  a w a p o i n t  and arrive t h e r e  with a 
s p e c i f i e d  heading, ( b )  t o  f l y  t o  a d i r e c t e d  l i n e  i n  space such as a VKF Omni-
Range ( V O R )  r a d i a l ,  ( c )  t o  f l y  t o  a waypoint without a c o n s t r a i n t  on t h e  head­
i n g  at t h e  waypoint, and ( d )  t o  change smoothly from f l i g h t  along one l i n e  or 
VOR r a d i a l  t o  another t h a t  i n t e r s e c t s  i t .  For each c r i t e r i o n  t h e  t r a j e c t o r i e s  
are synthesized from s t r a i g h t  l i n e s  and po r t ions  of c i r c l e s .  Assignment of  
t h e  t r a j e c t o r i e s  i s  based on minimizing t h e  l eng th  of t h e  path s o  as t o  reduce 
maneuver t i m e  and conserve a i r space  and i s  given i n  t h e  form of switching 
diagrams . 
Second, t h e  speed p r o f i l e  i s  c a l c u l a t e d  based on t h e  l eng th  of t h e  ho r i ­
zon ta l  t r a j e c t o r y  and on t h e  d e s i r e d  t i m e  over t h e  waypoint or ILS g a t e .  Con­
s t r a i n t s  are t h e  minimum and maximum a i r speed ,  t h e  a c c e l e r a t i o n  and decelera­
t i o n  of t h e  a i r c r a f t ,  and t h e  d e s i r e d  a i r speed  a t  t h e  t e rmina l  t i m e .  The 
algori thm first  determines i f  a speed p r o f i l e  s a t i s f y i n g  t h e s e  c o n s t r a i n t s  
e x i s t s .  I f  it does,  t h e  speed p r o f i l e  i s  synthesized;  if it does n o t ,  a tech­
nique i s  used t o  s t r e t c h  t h e  pa th  l eng th  o f  t h e  h o r i z o n t a l  t r a j e c t o r y  by t h e  
amount r equ i r ed  t o  syn thes i ze  a f l y a b l e  speed p r o f i l e .  
Third,  t h e  a l t i t u d e  p r o f i l e  i s  synthesized s o  t h a t  t h e  a i r c r a f t  maintains 
t h e  approach a l t i t u d e  as long as poss2ble before  descending t o  t h e  s p e c i f i e d  
f i n a l  a l t i t u d e  at t h e  waypoint. Input  t o  t h i s  ca l cu la t ion  i s  t h e  length  of  
t h e  ho r i zon ta l  p a t h ,  t h e  des i r ed  descent ra te ,  and t h e  length  of t h e  f i n a l  
dece lera t ion  i n t e r v a l .  The descent t o  t h e  s p e c i f i e d  f i n a l  a l t i t u d e  is  timed 
s o  it does not  coincide with t h e  dece le ra t ion  i n t e r v a l .  
F i n a l l y ,  t h e  completely s p e c i f i e d  f l i g h t  p r o f i l e  i s  arranged i n t o  a t i m e  
sequence of guidance commands t h a t  can be used as inputs  t o  a f l i g h t  d i r e c t o r  
or au top i lo t .  
INTRODUCTION 
The design of a i r c r a f t  navigat ion and f l i gh t - con t ro l  systems has  long 
followed a t r e n d  toward automation of t h e  numerous guidance, c o n t r o l ,  and nav­
i g a t i o n  func t ions  once performed manually by t h e  f l i g h t  crew. Recently,  t h i s  
t r e n d  has acce le ra t ed  and expanded i n  scope, with t h e  momentum behind it being 
provided by t h e  development of fl ight-worthy computers and by t h e  increas ing  
complexity of modern a i r c r a f t  and of t h e  a i r - t r a f f i c  environment. Complex 
problems i n  a l l  phases of a i r c r a f t  operat ion i n d i c a t e  t h a t  such automation i s  
not  a luxury,  bu t  rather a p r e r e q u i s i t e  for safe and economic f l i g h t .  Fortu­
n a t e l y  , t h e  t imely development of a i rborne  computers has provided t h e  means t o  
achieve t h e  degree of automation requi red  t o  a l l e v i a t e  t hese  problems. 
Concepts have been proposed f o r  f l i g h t - c o n t r o l  systems capable of f l y i n g  
an a i r c r a f t  automatical ly  from takeoff  t o  landing ( refs .  1 and 2 ) ,  wi th  t h e  
p i l o t  pure ly  i n  t h e  r o l e  of systems manager. Although such completely auto­
matic systems are now under s tudy ,  t h i s  s tudy focuses on t h e  problem of auto­
mating a segment of t h e  f l i g h t  during which p i l o t  workload i s  p a r t i c u l a r l y  
heavy; t h e  segment i s  wi th in  t h e  te rmina l  area, roughly wi th in  a ? & m i l e  
r ad ius  of an a i r p o r t .  For a subsonic j e t  t r anspor t  on a landing approach, it 
corresponds approximately t o  t h e  f i n a l  1 5  minutes of f l i g h t .  
P i l o t  workload i n  t h e  te rmina l  area i s  heavy as a r e s u l t  of de f i c i enc ie s  
i n  t h e  e x i s t i n g  f l i gh t - con t ro l  and a i r - t r a f f i c  con t ro l  systems. I n  t h i s  area, 
t h e  a i r c r a f t  o f t en  must be flown manually, even though an automatic landing 
system and an au top i lo t  are on board. The automatic landing system can be 
used t o  f l y  t h e  a i r c r a f t  only along t h e  f i n a l  landing approach, after t h e  air­
c r a f t  i s  a t  t h e  proper a l t i t u d e ,  p o s i t i o n ,  and heading t o  rece ive  t h e  Ins t ru ­
ment Landing System (ILS) g l ides lope  and l o c a l i z e r  s i g n a l s .  S imi l a r ly ,  t h e  
s tandard au top i lo t  has l i m i t e d  use i n  t h e  ear l ie r  po r t ions  of terminal-area 
f l i g h t  because it w a s  never designed t o  provide p rec i s ion  f l igh t -pa th  con t ro l  
a long t h e  curved, dece le ra t ing ,  and descending f l i g h t  path which i s  f requent ly  
requi red  before  t h e  f i n a l  approach. 
The guidance of a i r c r a f t  i n  busy te rmina l  areas, e s p e c i a l l y  i n  weather 
condi t ions r equ i r ing  instrument f l i g h t ,  i s  conducted pr imar i ly  by a i r - t r a f f i c  
cont ro l .  Cont ro l le rs  monitor t h e  pos i t i on  and movement of a i r c r a f t  on radar  
and i s sue  guidance i n s t r u c t i o n s  t o  t h e  p i l o t s ,  who c lose  t h e  guidance loop by 
execut ing them as quickly and f a i t h f u l l y  as poss ib l e .  For landings,  t h e  
c o n t r o l l e r s  d i r e c t  t h e  randomly a r r i v i n g  a i r c r a f t  i n t o  t h e  f i n a l  approach t o  
achieve a high landing r a t e  whi le  maintaining a s a f e  sepa ra t ion  d i s t ance .  The 
t a s k  i s  complicated by t h e  d i f f e r i n g  a i r speeds  (and o the r  performance charac­
t e r i s t i c s )  between a i r c r a f t  on a common path.  
The p i l o t  and c o n t r o l l e r  workload of  t h i s  system of terminal-area guid­
ance has been s tud ied  f o r  a number of high t r a f f i c  t e rmina l  a r eas  ( r e f .  3 ) .  
For a r r i v a l s  i n t o  J F K  I n t e r n a t i o n a l  A i rpo r t ,  pilot-ATC communication r equ i r e s  
as much as 50 percent  of t h e  last  10 minutes before  touchdown. During t h i s  
t i m e ,  t h e  p i l o t  performs an average of 18 communications and naviga t ion  opera­
t i o n s ,  a workload which p i l o t s  consider  excessive.  
To reduce t h e  pilot-ATC workload i n  t h e  te rmina l  a r e a ,  an automatic 
f l i g h t - c o n t r o l  system must provide p rec i s ion  f l i gh t -pa th  con t ro l  along t h e  
s p e c i f i e d  t r a j e c t o r y .  I n  add i t ion ,  t h e  system must a l s o  maintain synchroniza­
t i o n  of t h e  a i r c r a f t  p o s i t i o n  wi th  a s p e c i f i e d  time schedule;  t h i s  requirement 
i s  e s p e c i a l l y  important f o r  e f f i c i e n t  a i r - t r a f f i c  con t ro l .  A l l  methods m e ­
vious ly  s udied p a r t i c u l a r l y  s t r e s s  t h e  importance of maintaining accura te  
time-posi ti on  con t ro l  of a i r c r a f t  i n  t h e  t e rmina l  a r e a  ( r e f s .  4-6).  Accurate 
con t ro l  of  t h e  a i r c r a f t  should reduce landing  delays due t o  
cannot be achieved with e x i s t -
What techniques a r e  a v a i l a b l e  f o r  guiding an a i r c r a f t  au tomat ica l ly  a long 
a s p e c i f i e d  t ime-posi t ion t r a j e c t o r y ?  The technique suggested i n  re ference  1 
i s  t o  precompute t h e  t r a j e c t o r y  i n  a ground f a c i l i t y ,  s t o r e  it on t a p e ,  and 
e n t e r  it i n t o  t h e  on-board system before  t a k e o f f .  The on-board equipment 
would cons i s t  of a means f o r  s t o r i n g  t h e  precomputed t r a j e c t o r y  and a modified 
a u t o p i l o t  f o r  f l y i n g  t h e  a i r c r a f t  along it. Although t h i s  technique r equ i r e s  
only r e l a t i v e l y  simple on-board equipment, it s u f f e r s  from severe p r a c t i c a l  
disadvantages - t h e  dependence on a ground f a c i l i t y  and t h e  d i f f i c u l t y  of 
making f a s t  t r a j e c t o r y  changes i n  f l i g h t .  For some segments of a f l i g h t ,  such 
as climb t o  and descent from c r u i s e  of a supersonic  t r a n s p o r t ,  t h e s e  disad­
vantages may not  be s i g n i f i c a n t .  I n  terminal-area ope ra t ions ,  however, even 
w i t h  p r e c i s e  schedul ing of a i r c r a f t ,  unexpected t r a j e c t o r y  changes can never 
be completely e l imina ted ,  making t h e  value of a precomputed t r a j e c t o r y  very 
ques t ionable .  
Few s t u d i e s  have addressed themselves t o  t h e  syn thes i s  of a terminal-area 
t r a j e c t o r y .  Although r e fe rences  1 t o  7 do not address t h i s  problem s p e c i f i ­
c a l l y ,  they  do provide i n s i g h t  i n t o  t h e  te rmina l  con t ro l  process  and a r e  help­
f u l  i n  i d e n t i f y i n g  important problems. Reference 8 deals w i t h  t h e  construc­
t i o n  of holding p a t t e r n s  and pa th-s t re tch ing  maneuvers. Reference 9 i s  
p a r t i c u l a r l y  r e l evan t  because it def ines  s e v e r a l  of t h e  problems s tud ied  he re .  
This s tudy i n v e s t i g a t e s  a technique for c a l c u l a t i n g  t h e  t r a j e c t o r y  on 
board,  w i t h  p rovis ion  f o r  r e c a l c u l a t i n g  it i n  r e a l  t ime whenever changes a r e  
needed. The p r a c t i c a l i t y  of t h i s  technique hinges p r tmar i ly  on t h e  s o l u t i o n  
of two problems. The fisst  i s  t o  e s t a b l i s h  what guidance problems occur most 
f requent ly  i n  t h e  t e rmina l  a r e a  and can be solved by an on-board system. The 
second i s  t o  develop e f f i c i e n t  computational techniques f o r  syn thes i z ing  t h e  
requi red  t r a j e c t o r i e s .  
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The guidance problems t o  be solved are e s t a b l i s h e d  from an a n a l y s i s  o f  
a i r - t r a f f i c  c o n t r o l  procedures,  instrument f l i g h t  maneuvers, and terminal-area 
rou te  s t r u c t u r e s .  They can be divided i n t o  t h r e e  p r i n c i p a l  subproblems: a 
la teral  ( h o r i z o n t a l )  maneuver, a l o n g i t u d i n a l  ( v e r t i c a l )  maneuver, and a speed 
change. An important assumption made i n  t h i s  s tudy i s  t h a t  t h e s e  t h r e e  prob­
lems can be  t r e a t e d  e s s e n t i a l l y  independent of  each o the r .  
A number of  techniques are used t o  syn thes i ze  t h e  t r a j e c t o r i e s ;  some are 
based on minimizing a s p e c i f i c  performance func t ion ,  o t h e r s  are derived from 
geometric cons ide ra t ions .  I n  gene ra l ,  h o r i z o n t a l  t r a j e c t o r i e s  c o n s i s t  o f  con­
nected segments of s t r a i g h t  l i n e s  and c i r c u l a r  a r c s ,  wh i l e  v e r t i c a l  t r a j e c ­
t o r i e s  cons i s t  only of  connected segments o f  s t r a i g h t  l i n e s .  Speed h i s t o r i e s  
c o n s i s t  of s e c t i o n s  of  constant a c c e l e r a t i o n ,  constant  dece le ra t ion ,  and con­
s t a n t  speed f l i g h t .  The choice of simple geometric shapes as b a s i c  b u i l d i n g  
blocks yields t r a j e c t o r i e s  t h a t  are easy t o  syn thes i ze  and t h a t  comply with 
a l l  important a i r c r a f t  maneuvering and performance c o n s t r a i n t s .  There seems 
t o  be l i t t l e  reason t o  consider more complicated t r a j e c t o r i e s ,  a t  least f o r  
terminal-area operat ion of conventional a i r c r a f t .  
The b a s i c  information r equ i r ed  t o  f l y  t h e  synthesized t r a j e c t o r i e s  i s  
p o s i t i o n ,  a l t i t u d e ,  ground speed, and t i m e .  It i s  assumed t h a t  t h i s  informa­
t i o n  i s  a v a i l a b l e  on board t h e  a i r c r a f t .  Although t h e  d e s c r i p t i o n  of t h e  
guidance l a w s  der ived he re in  i s  occasional ly  somewhat involved, programming 
experience has  shown t h a t  t h e  r equ i r ed  computations can e a s i l y  be performed on 
c u r r e n t l y  a v a i l a b l e  a i rborne d i g i t a l  computers. (The development of  a c o n t r o l  
system t o  f l y  t h e  a i r c r a f t  along t h e  synthesized t r a j e c t o r y  i s  c l o s e l y  r e l a t e d  
t o  s tandard a u t o p i l o t  design,  and i s  not considered i n  t h i s  r e p o r t . )  
DEFINITION OF GUIDANCE PROBLEMS FOR TERMINAL-AREA OPERATIONS 
Before t r a j e c t o r i e s  can be synthesized,  t h e  s e t  of  guidance problems t h a t  
occur i n  terminal-area operat ions must be def ined and formulated mathemati­
c a l l y .  Such a s e t  can never be considered complete because t h e r e  i s  no l i m i t  
t o  t h e  number of p o s s i b l e  problems. Therefore,  t h e  ob jec t ive  i s  t o  choose t h e  
s e t  as s m a l l  as p o s s i b l e ,  cons i s t en t  with t h e  requirement t h a t  t h e  most com­
monly encountered guidance problems a r e  included i n  it o r  can b e  reformulated 
i n  t e r m s  of problems i n  i t .  
Terminal-area guidance can be  viewed as t h e  simultaneous s o l u t i o n  of 
t h r e e  types of problems: h o r i z o n t a l  ( l a t e r a l )  guidance, a i r speed  management, 
and v e r t i c a l  guidance. To s impl i fy  a n a l y s i s ,  t h i s  s tudy assumes t h a t  each 
type of problem can be solved e s s e n t i a l l y  independent of t h e  o t h e r  two. 
Although t h i s  assumption i s  not always j u s t i f i e d ,  it i s  motivated by observing 
t h a t  i n  commonly encountered f l i g h t  condi t ions p i l o t s  t e n d  t o  f l y  a i r c r a f t  i n  
a manner t h a t  allows them t o  solve t h e s e  t h r e e  types of problems indepen­
dent ly .  Although a n a l y s i s  of  terminal-area guidance problems i s  given sepa­
r a t e l y  f o r  each type of problem, i n  p r a c t i c e ,  t h e  t h r e e  types of  problems do 
i n t e r a c t .  The method of  dea l ing  with t h e s e  i n t e r a c t i o n s  i s  given when t h e  
problem i s  encountered. 
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Hori zonea1 Guidance 
The most complex guidance problems i n  terminal-area operat ions f o r  con­
ven t iona l  t r a n s p o r t  a i r c r a f t  involve h o r i z o n t a l  maneuvers. The o r i g i n  and 
i d e n t i t y  of t h e s e  problems a r e  most e a s i l y  explained by a b r i e f  discussion of 
t h e  rou te  s t r u c t u r e  and a i r - t r a f f i c  c o n t r o l  procedures f o r  an approach i n t o  a 
t y p i c a l  t e rmina l  area, t h a t  of San Francisco I n t e r n a t i o n a l  Airport  (SFO). 
The approach rou te s  i n t o  SFO are i n d i c a t e d  i n  f i g u r e  1by the  heavy 
broken l i n e s .  The most important f e a t u r e  i s  t h a t  t hey  c o n s i s t  c h i e f l y  of  con­
nected s e c t i o n s  o f  straight l i n e s  t h a t  terminate  on the f i n a l  approach. 
T rans i t i on  from one s t r a i g h t - l i n e  s e c t i o n  t o  another i s  achieved by means of 
smoothly rounded corners .  The rou te  s t r u c t u r e  can be s p e c i f i e d  by l o c a t i n g  
t h e  corners de f in ing  each s t r a i g h t - l i n e  s e c t i o n  and arrows i n d i c a t i n g  the 
d i r e c t i o n  of motion along each s e c t i o n .  Corners o f t e n  coincide with the  loca­
t i o n  of a VOR s t a t i o n  (such as Woodside) or at an i n t e r s e c t i o n  of r a d i a l s  from 
two adjacent  VOR s t a t i o n s  (such as Altamont) . 
Under instrument f l i g h t  cond i t ions ,  a i r - t r a f f i c  c o n t r o l  c l o s e l y  monitors 
t h e  movement of a i r c r a f t  w i t h i n  t h e  approach rou te s .  The a i r - t r a f f i c  control­
l e r  sequences a i r c r a f t  f o r  l and ing ,  maintains sepa ra t ion  between them w i t h i n  
t h e  r o u t e s ,  and vec to r s  them onto t h e  f i n a l  approach w i t h  t h e  desired spacing. 
I n  the e x i s t i n g  ATC system, a c o n t r o l l e r  normally observes a i r c r a f t  on r ada r  
and i s s u e s  t h e  appropr i a t e  guidance i n s t r u c t i o n s  t o  p i l o t s  by r a d i o  telephone. 
Maintaining t h e  proper spacing between a i r c r a f t  i s  e s p e c i a l l y  c r i t i c a l  on 
the  f i n a l  approach and a t  p o i n t s  of confluence of two or more segments. TOO 
s m a l l  a spacing i s  unsafe and may d i s r u p t  t h e  smooth flow of  t r a f f i c ,  whereas 
t o o  l a r g e  a spacing r e s u l t s  i n  a 1ow.landing ra te .  Spacing d i s t ances  f o r  the  
f i n a l  approach are t y p i c a l l y  i n  t h e  range between t h r e e  and seven m i l e s ,  the  
choice depending somewhat on t h e  i n d i v i d u a l  c o n t r o l l e r  as w e l l  as weather con­
d i t i o n s .  I n  weather condi t ions r e q u i r i n g  instrument f l i g h t ,  c o n t r o l l e r s  t e n d  
t o  space a i r c r a f t  a t  g r e a t e r  d i s t ances  than i n  c l e a r  weather. Spacing i s  
achieved by c o n t r o l l i n g  t h e  speed of the a i r c r a f t  o r ,  i f  necessary,  by vector­
i n g  t o  con t ro l  t h e  l eng th  of t h e  f l i g h t  path t o  t h e  p o i n t  of  confluence with 
t h e  f i n a l  approach. Vectoring the  a i r c r a f t  onto t h e  f i n a l  approach gene ra l ly  
has t h e  dual  purpose of a i d i n g  the a i r c r a f t  t o  acquire  the ILS l o c a l i z e r  and 
of  ensuring t h e  proper spacing between a i r c r a f t .  Thus t h e  rou te  s t r u c t u r e  i n  
t h e  neighborhood of t h e  p o i n t  of confluence near  t h e  f i n a l  approach ( p o i n t  A ,  
f i g u r e  1) i s  v a r i a b l e  and not  n e c e s s a r i l y  as shown; t he  shaded region approx­
imates the  area wi th in  which t h e  rou te  may vary.  Having descr ibed t h e  
terminal-area rou te  s t r u c t u r e  and the a i r - t r a f f i c  c o n t r o l  problem, t h e  next 
s t e p  i s  t o  i s o l a t e  t h e  b a s i c  h o r i z o n t a l  guidance problems t h a t  an automatic 
system would have t o  so lve  i n  guiding t h e  a i r c r a f t  during the arqroach. Five 
problems have been i d e n t i f i e d  and are descr ibed i n  t h e  following s e c t i o n s  
under t h e  heading of  problems ( a ) ,  ( b ) ,  ( c )  , ( d )  , and pa th  s t r e t c h i n g .  
ProbZem (a)-Consider an a i r c r a f t  t h a t  has j u s t  passed t h e  corner  at 
p o i n t  B ( f i g .  1) and i s  c l e a r e d  f o r  an ILS approach. (Assume  t h a t  no o t h e r  
a i r c r a f t  are on t h e  approach r o u t e s . )  The a i r c r a f t  must be guided s o  t h a t  it 
w i l l  be on t h e  f i n a l  approach pa th  and headed i n  t h e  landing d i r e c t i o n  a t  
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l e a s t  by t h e  t i m e  it passes  t h e  ou te r  marker ( O M ) .  I f  it follows t h e  approach 
route  exac t ly  as drawn i n  f i. w e  1, it achieves heading alignment at po in t  A ,  
a f e w  m i l e s  before  t h e  OM. I n  genera l ,  an a i r c r a f t  must be i n  c lose  heading 
alignment with t h e  f i n a l  approach a t  or before  t h e  OM, i f  t h e  approach is  t o  
continue success fu l ly .  Thus, t h e  genera l  problem i s  t o  guide t h e  a i r c r a f t  
from any i n i t i a l  p o s i t i o n  and heading t o  a s p e c i f i e d  f i n a l  pos i t i on  and head­
i n g ,  wi th  t h e  f i n a l  p o s i t i o n  and heading achieved s imultaneously.  This prob­
lem i s  i l l u s t r a t e d  by f i g u r e  2 ( a ) .  
Without some syn thes i s  c r i t e r i o n  t h e r e  can be no unique so lu t ion  t o  t h i s  
problem, s ince  f o r  every combination of i n i t i a l  and f i n a l  condi t ion an i n f i n ­
i t e  number of f e a s i b l e  t r a j e c t o r i e s  can be  found. Since a computer-oriented 
syn thes i s  procedure r equ i r e s  unique s o l u t i o n s ,  t h e  syn thes i s  c r i t e r i o n  w a s  
chosen as minimization of t h e  pa th  length  of t h e  t r a j e c t o r i e s  connecting i n i ­
t i a l  and f i n a l  po in t s .  This c r i t e r i o n  w a s  suggested by t h e  shape of t h e  
approach route  segments ( f i g .  1)which show t h a t  once t h e  t r a j e c t o r i e s  have 
passed t h e  last  waypoint before  t h e  f i n a l  approach they  proceed by t h e  most 
d i r e c t  rou te  t o  po in t  A.  
An important cons t r a in t  on t h e  t r a j e c t o r i e s  i s  t h a t  t h e  bank angle 
requi red  t o  f l y  along them not  exceed some maximum value d i c t a t e d  pr imar i ly  by 
passenger comfort cons idera t ions  , t y p i c a l l y  15' t o  30'. The maximum bank-
angle cons t r a in t  i s ,  of  course,  equivalent  t o  a cons t r a in t  on t h e  minimum 
tu rn ing  r a d i u s ;  t h i s  equivalence i s  used i n  t h e  syn thes i s  procedure. 
Problem (b)-Major por t ions  of terminal-area routes  cons is t  of s t r a i g h t -
l i n e  s e c t i o n s ;  i f  an a i r c r a f t  i s  a l ready  f l y i n g  along such a s e c t i o n ,  a s tan­
dard l a t e r a l  au top i lo t  can keep it a l igned .  If ,  however, t h e  a i r c r a f t  i s  not 
on i t s  assigned approach rou te ,  because t h e  p i l o t  or ATC have suddenly changed 
t h e  route  o r  a navigat ion e r r o r  i s  discovered,  then  t h e  problem a r i s e s  of how 
t o  guide t h e  a i r c r a f t  onto t h e  assigned rou te .  This problem i s  t h e  same as 
problem (a>when t h e  new route  must be en tered  a t  a s p e c i f i c  po in t .  Often,  
though, t h e  only requirement i s  t h a t  t h e  a i r c r a r t  be flown onto t h e  route  as 
quickly as poss ib l e .  Hence, problem ( b )  i s  def ined as f l y i n g  from any i n i t i a l  
pos i t i on  and heading onto a s t r a i g h t  l i n e  of  s p e c i f i e d  loca t ion  and heading. 
A s o l u t i o n  t o  t h i s  problem i s  any t r a j e c t o r y  t h a t  leads  t o  t h e  s p e c i f i e d  l i n e  
without v i o l a t i n g  maneuvering c o n s t r a i n t s .  A s  i n  problem ( a ) ,  t h e  s e l e c t e d  
t r a j e c t o r y  should minimize path length  without causing t h e  a i r c r a f t  t o  exceed 
a maximum bank angle .  This problem i s  i l l u s t r a t e d  i n  f i g u r e  2 ( b ) ,  where t h e  
f i n a l  l i n e  i s  assumed t o  be a VOR r a d i a l  or t h e  cen te r  l i n e  o f  t h e  l o c a l i z e r .  
Problem (c)-Another method of s p e c i m i n g  an approach route  i s  t o  choose 
a sequence of waypoints through which t h e  a i r c r a f t  i s  t o  f l y  consecut ively.  
This method can a l s o  be used t o  generate  holding p a t t e r n s  i n  a simple w a y .  
I f  t r a j e c t o r i e s  connecting consecutive waypoints a r e  chosen t o  minimize t h e  
path l eng th ,  approach routes  q u i t e  similar t o  those  i n  f i g u r e  1 can be 
obtained by a jud ic ious  placement of waypoints. 
Problem ( c )  i s  def ined as f l y i n g  from an a r b i t r a r y  i n i t i a l  Dosi t ion and 
heading t o  a s p e c i f i e d  f i n a l  pos i t i on .  A s  be fo re ,  t h e  synthes is  c r i t e r i o n  i s  
chosen as t h e  minimum path  l eng th ,  and t h e  cons t r a in t  i s  t h e  maximum bank 
angle .  This problem i s  s i m i l a r  t o  problem (a )  except t h a t  t h e  heading of t h e  
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a i r c r a f t  when it a r r i v e s  at t h e  f i n a l  pos i t i on  or waypoint i s  not  spec i f i ed .  
Figure 2( c )  i l l u s t r a t e s  the  problem f o r  two way-points. 
ProbZem (d)-If t h e  approach routes  a re  spec i f i ed  by connected segments 
of s t r a i g h t  l i n e s  as i n  figure 1, a procedure i s  needed f o r  t r a n s i t i o n i n g  from 
one segment t o  another without excess overshoot or high bank angles .  Problem 
(a)  i s  def ined as determining a con t ro l  l a w  f o r  making a t r a n s i t i o n  between 
two s t r a i g h t - l i n e  segments a t  any spec i f i ed  angle of i n t e r s e c t i o n .  An idea l  
t r a n s i t i o n  between two l i n e s  i s  shown i n  figure 2 ( d ) .  
Path s t re tch ing-Air - t ra f f ic  con t ro l  w a s  not  considered i n  def in ing  prob­
lems (a)  through ( d ) ,  which ar ise  i n  developing guidance l a w s  f o r  f l y i n g  air­
c r a f t  automatical ly  a long e x i s t i n g  approach routes  without regard  t o  o ther  
a i r c r a f t .  A i r - t r a f f i c  con t ro l  r equ i r e s  knowledge of the l o c a t i o n ,  heading, 
a l t i t u d e ,  and speed of a l l  a i r c r a f t  operat ing i n  t h e  te rmina l  area. Since 
t h i s  knowledge is  genera l ly  not  ava i l ab le  on board an a i r c r a f t ,  a comprehen­
s i v e  t reatment  of t h e  a i r - t r a f f i c  con t ro l  problem from the po in t  of view of an 
on-board system does not  seem j u s t i f i e d .  It i s  reasonable ,  however, t o  con­
s i d e r  on-board so lu t ion  a po r t ion  of t h e  a i r - t r a f f i c  con t ro l  problem t h a t  does 
not r equ i r e  e x p l i c i t  knowledge of o the r  a i r c r a f t  bu t  would e spec ia l ly  s impl i fy  
the  c o n t r o l l e r ' s  job of spacing a i r c r a f t  on f i n a l  approach. This problem i s  
t o  achieve p r e c i s e  a r r i v a l  t i m e  of t h e  a i r c r a f t  a t  a designated po in t  on t h e  
f i n a l  approach or, i n  genera l ,  a t  any poin t  on t h e  aDproach route .  Typica l ly ,  
such po in t s  m i g h t  be  chosen as t h e  OM or a t  t h e  junc t ion  of two o r  more 
approach routes  ( i . e . ,  po in t  A ,  f i g .  1). 
The p re fe r r ed  technique of  achieving a spec i f i ed  time of a r r i v a l  a t  a 
s p e c i f i e d  poin t  on t h e  approach route  i s  through speed con t ro l ,  which does not 
r equ i r e  devia t ion  from the assigned approach route .  The use of speed con t ro l  
f o r  t h i s  purpose w i l l  be discussed i n  t h e  next s ec t ion .  However, speed con­
t r o l  alone i s  o f t en  inadequate ,  p a r t i c u l a r l y  i f  a change i n  the t i m e  of 
a r r i v a l  i s  requi red  c lose  t o  t h e  f i n a l  po in t .  The inadequacy of  speed con t ro l  
i s  c l e a r l y  shown when a speed lower than t h e  s t a l l  speed i s  needed t o  achieve 
a delay i n  a r r i v a l  t i m e .  Since l a t e  rev is ions  i n  a r r i v a l  t i m e  cannot be 
avoided, t h i s  l i m i t a t i o n  of speed con t ro l  may be overcome by s t r e t c h i n g  t h e  
approach path as requi red  t o  achieve t h e  des i red  delay. 
Path s t r e t c h i n g  t o  delay a r r i v a l  t i m e  i s  an e s s e n t i a l  element of a l l  
manual and automatic a i r - t r a f f i c  con t ro l  systems t h a t  have been s tud ied  i n  t h e  
l i t e r a t u r e  (refs. 4-8). Although t h e r e  i s  genera l ly  no unique t r a j e c t o r y  
t h a t  increases  the  path length  by a s p e c i f i e d  amount, the  s e l e c t i o n  of a par­
t i c u l a r  technique f o r  pa th  s t r e t c h i n g  i s  o f  great importance, s ince  it i s  
c lose ly  related t o  t h e  method of a i r - t r a f f i c  con t ro l .  
The e f f ec t iveness  of pa th-s t re tch ing  (and poss ib ly  a l s o  of path shorten­
i n g )  techniques i s  o f t en  eva lua ted  i n  terms of t h e  t iming accuracy they 
achieve i n  de l ive r ing  an a i r c r a f t  at t h e  des i red  po in t .  O f  those  evaluated 
i n  s imula t ions ,  no c l e a r l y  supe r io r  technique has  s o  far emerged. For a 
desc r ip t ion  and comparison of f i v e  d i f f e r e n t  techniques see re ference  4. 
Although optimum methods of  path s t r e t c h i n g  have not  been developed, t h e  
method chosen should be able  t o  increase  t h e  path length  i n  a continuous 
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manner while  preserv ing  as much as poss ib l e  of t h e  approach route .  Purther­
more , t h e  ca l cu la t ions  def in ing  t h e  s t r e t c h e d  t r a < j e c t o r y  should b e  amenable t o  
f a s t ,  on-line computer so lu t ion .  Such cons idera t ions  l e d  t o  t h e  p a r t i c u l a r  
method of path s t r e t c h i n g  descr ibed i n  d e t a i l  la ter .  
To complete t h e  d e f i n i t i o n  of t h e  problem, t h e  pa th  s t r e t c h i n g  i s  
requi red  t o  t ake  p lace  along a s t r a i g h t  s e c t i o n  of t h e  approach on which a 
f i n a l  po in t  i s  s p e c i f i e d .  The pa th-s t re tch ing  problem i s  then def ined  as 
s e l e c t i n g  a t r a j e c t o r y  t h a t  s tarts on t h e  s t r a i g h t  s e c t i o n ,  terminates  on t h e  
f i n a l  p o i n t ,  and has  any s p e c i f i e d  a r c  length  g r e a t e r  than  t h e  s t r a i g h t - l i n e  
pa th .  An example of  a s t r e t c h e d  path between two waypoints is  shown i n  
f i g u r e  2 ( e ) .  
F i n a l l y ,  t h e  well-known holding p a t t e r n  can be  considered as an example 
of a s t r e t c h e d  pa th .  Generally,  a pa th-s t re tch ing  maneuver t u r n s  i n t o  a hold­
i n g  p a t t e r n  whenever t h e  inc rease  i n  path length  s p e c i f i e d  i s  g r e a t e r  than t h e  
circumference of a hold ing  p a t t e r n .  Holding p a t t e r n s  a r e  not discussed 
f u r t h e r  i n  t h i s  r e p o r t .  
Speed Control 
The primary purpose of speed con t ro l  i n  t h e  te rmina l  a r ea  i s  t o  con t ro l  
time of a r r i v a l .  I n  genera l  terms,  t h e  problem i s  t o  c a l c u l a t e  t h e  speed-time 
or speed-posit ion h i s t o r y  of t h e  a i r c r a f t  s o  t h a t  it w i l l  a r r i v e  a t  a speci­
f i e d  poin t  on t h e  approach route  a t  a s p e c i f i e d  t ime. This ca l cu la t ion  
assumes t h a t  t h e  ho r i zon ta l  t r a j e c t o r y  has a l ready  been determined by so lv ing  
one or more of  t h e  t r a j e c t o r y  problems def ined i n  t h e  preceding s e c t i o n s ,  s o  
t h a t  t h e  path length  as w e l l  as t h e  i n i t i a l  t ime ti and t h e  f i n a l  t ime tf 
a r e  known. 
The speed-time h i s t o r y  i s  ca l cu la t ed  sub jec t  t o  t h e  a i r c r a f t ' s  opera­
t i o n a l  cons t r a in t s  on c r u i s e  speed V ,  a c c e l e r a t i o n ,  and dece lera t ion .  I n  
add i t ion  t o  obeying t h e s e  performance c o n s t r a i n t s ,  t h e  i n i t i a l  speed Vo of 
t h e  speed-time h i s t o r y  must equal  t h e  cu r ren t  a i r c r a f t  speed, and t h e  f i n a l  
speed Vf must equal  a s p e c i f i e d  value.  I f  t h e  f i n a l  po in t  happens t o  be  t h e  
OM, then Vf may equal  t h e  f i n a l  approach speed with f u l l y  lowered f l a p s .  
The "simplest" speed-time h i s t o r y  t h a t  can so lve  t h i s  problem cons i s t s  of 
t h r e e  segments: an acce le ra t ion  or dece le ra t ion  segment t o  t h e  c r u i s e  speed, 
a cruise-speed segment, and an acce le ra t ion  or dece le ra t ion  segment t o  t h e  
f i n a l  speed, as i n  f i g u r e  2 ( f ) .  
Calculat ion of t h e  speed-time h i s t o r y  may r evea l  t h e  need t o  apply path 
s t r e t c h i n g  t o  t h e  ho r i zon ta l  t r a j e c t o r y .  For example, t h e  pa th  length  w i l l  
need t o  be s t r e t c h e d  i f  t h e  ca l cu la t ed  c r u i s e  speed i s  l e s s  than t h e  minimum 
speed. 
V e r t i c a l  Guidance 
For t h e  a r r i v a l  operat ions considered i n  t h i s  r e p o r t ,  v e r t i c a l  guidance 
i s  r e s t r i c t e d  t o  descent from c ru i se .  (For  departure  operat ions , s i m i l a r  
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considerat ions a r e  appl icable  t o  ascent  t o  c r u i s e . )  Here it i s  assumed t h a t  
t h e  ho r i zon ta l  t r a j e c t o r y  and t h e  speed-time h i s t o m  have been obtained as 
so lu t ions  t o  previously def ined problems. 
A t y p i c a l  a l t i t u d e  h i s t o r y ,  i l l u s t r a t e d  i n  f i g u r e  2 ( g ) ,  cons i s t s  of seg­
ments of constant  a l t i t u d e  and of descending f l i g h t .  It commences a t  c r u i s e  
a l t i t u d e  hc and te rmina tes  at a f i n a l  a l t i t u d e  hf approximately equal t o  
t h e  he ight  above t h e  runway of t h e  ILS g l ides lope  beam cen te r  a t  t h e  OM. 
The descent p r o f i l e  provides f o r  maintaining t h e  c r u i s e  a l t i t u d e  as long 
as p o s s i b l e ,  then descending t o  t h e  f i n a l  a l t i t u d e  at a spec i f i ed  descent rate 
and a t  a constant  forward speed. If any speed change i s  needed near  t h e  f i n a l  
p o i n t ,  it should b e  made i n  l e v e l  f l i g h t ;  t h e  descent p r o f i l e  must be planned 
t o  a l low f o r  t h e  requi red  per iod  of l e v e l  f l i g h t  after t h e  f i n a l  a l t i t u d e  i s  
achieved. Thus, t h e  speed-time h i s t o r y  (and h o r i z o n t a l  t r a j e c t o r y )  must be 
ca l cu la t ed  before  t h e  a l t i t u d e  p r o f i l e .  
Summary 
A complete terminal-area t r a j e c t o r y ,  cons i s t ing  of t h e  p o s i t i o n ,  speed, 
and a l t i t u d e  of t h e  a i r c r a f t  as a func t ion  of t ime,  i s  obtained by so lv ing  
sequen t i a l ly  t h e  h o r i z o n t a l ,  a i r speed ,  and v e r t i c a l  guidance problems t h a t  a r e  
def ined i n  t h i s  s e c t i o n  and summarized i n  t a b l e  1. Although these  a r e  not t h e  
only problems t h a t  can be def ined ,  they a r e  s u f f i c i e n t  f o r  c a l c u l a t i n g  t h e  
most f requent ly  occurr ing t r a j e c t o r i e s  i n  present-day terminal-area opera­
t i o n s .  (Important a d d i t i o n a l  problems could be  def ined i f  information on t h e  
loca t ions  and t r a j e c t o r i e s  of o the r  a i r c r a f t  i n  t h e  a rea  were ava i l ab le  on 
board t h e  a i r c r a f t ,  but such problems a re  not  discussed i n  t h i s  s tudy . )  
Solut ions t o  t h e  var ious  problems discussed i n  t h i s  sec t ion  a re  developed 
without e x p l i c i t l y  consider ing t h e  wind. Thus, they  y i e l d  values f o r  ground 
heading, ground speed, and ground acce le ra t ion  time h i s t o r i e s .  I f  t h e  wind 
speed and d i r e c t i o n  a re  known, as we assume i n  t h i s  s tudy ,  t h e s e  q u a n t i t i e s  
can e a s i l y  be converted t o  a i r c r a f t  heading , a i rspeed  , and acce le ra t ion  w i t h  
respec t  t o  t h e  a i r  mass. 
TRAJECTORY SYNTHESIS FOR PROBLEM ( a )  
I n  reference 9 ,  t r a j e c t o r i e s  were der ived f o r  problem ( a )  which a re  of 
minimum path  length  and a r e  constrained by t h e  minimum tu rn ing  r ad ius .  When 
t h e  i n i t i a l  and f i n a l  po in t s  a r e  separa ted  by l e s s  than fou r  tu rn ing  r a d i i ,  
such t r a j e c t o r i e s  can contain up t o  t h r e e  p a r t i a l  t u r n s  of minimum t u r n i n g  
r ad ius .  When t h e  i n i t i a l  and f i n a l  po in t s  a r e  separa ted  by more than  four  
tu rn ing  r a d i i ,  t h e  t r a j e c t o r i e s  need only conta in  a s t r a i g h t - l i n e  segment with 
a p a r t i a l  t u r n  of minimum t u r n i n g  rad ius  at each end. I n  t h i s  s e c t i o n ,  a 
computer-oriented algori thm f o r  c a l c u l a t i n g  t h e  t r a j e c t o r y  i s  developed based 
on c e r t a i n  s impl i fy ing  assumptions and on a geometric i n t e r p r e t a t i o n  of t h e  
guidance problem. 
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The t r a j e c t o r y  p a t t e r n s  t o  be  used i n  t h e  development of t h e  algori thm 
cons i s t  of  at most two c i r c u l a r  a r c s  and a s t r a i g h t - l i n e  segment. The th ree ­
c i r cu la r - a rc  t r a j e c t o r i e s  of  re ference  9 may occur i n  t h e  minimum-arc-length 
so lu t ion  of problem (a )  i f  t h e  d is tance  of  s epa ra t ion  between i n i t i a l  and 
f i n a l  po in ts  i s  l e s s  then  fou r  tu rn ing  r a d i i .  However, they  a re  excluded here  
s ince  they  would increase  t h e  complexity of t h e  algori thm and are expected t o  
occur inf requent ly  i n  p r a c t i c e .  
Another d i f f e rence  between re ference  9 and t h e  present  development con­
cerns t h e  op t ima l i ty  of t h e  t r a j e c t o r i e s  generated by t h e  algorithm. Refer­
ence 9 w a s  devoted t o  a mathematical de r iva t ion  of t h e  minimum a rc  problem f o r  
problem ( a ) .  Here, f o r  computational s i m p l i c i t y ,  t h e  t r a j e c t o r i e s  a r e  not  
s e l e c t e d  t o  minimize, i n  t h e  s t r i c t  mathematical sense ,  a s p e c i f i c  performance 
funct ion such as t h e  a r c  length .  Rather ,  t h e  key c r i t e r i o n  f o r  s e l e c t i n g  tra­
j e c t o r i e s  i s  geometric c o n s t r u c t a b i l i t y  ; t h a t  i s  , t h e  f e a s i b i l i t y  of con­
s t r u c t i n g  a p a r t i c u l a r  type of t r a j e c t o r y  f o r  given i n i t i a l  and f i n a l  condi­
t i o n s .  Because t h e  t r a j e c t o r i e s  f o r  which a f e a s i b l e  cons t ruc t ion  i s  sought 
a re  known t o  be  optimum under some condi t ions ,  as shown i n  reference 9 ,  t h e  
procedure can be expected t o  y i e l d  an e f f i c i e n t  t r a j e c t o r y ,  though not neces­
s a r i l y  t h e  t r u e  optimum one i n  t h e  minimum a r c  sense.  The disadvantage of not  
always genera t ing  t r a j e c t o r i e s  t h a t  minimize a performance funct ion i s  out­
weighed by t h e  geometric i n s i g h t  which t h e  algori thm c a s t s  upon t h e  h o r i z o n t a l  
guidance problem. 
It w a s  s t a t e d  previously t h a t  t h e  t r a j e c t o r i e s  should obey a c o n s t r a i n t  
on t h e  maximum bank angle .  A t  constant  a i r speed  V a cons t r a in t  on t h e  mini­
mum tu rn ing  rad ius  Gin i s  equivalent  t o  a cons t r a in t  on t h e  maximum bank 
angle b a x .  The r e l a t i o n s h i p  between t h e s e  cons t r a in t s  i s  given by t h e  
following equat ion:  
- v2-
Rmin g t a n  $max 
where g i s  t h e  acce le ra t ion  of g rav i ty .  The value of V used i n  equation 
(1)should be t h e  maximum ground speed encountered during t h e  maneuver. An 
acceptable  es t imate  would be t o  choose it as t h e  sum of t h e  maximum a i rspeed  
i n  t h e  te rmina l  a r e a  and t h e  wind speed. I n  f u r t h e r  ca l cu la t ions ,  t h e  tu rn ing  
rad ius  i s  t r e a t e d  as a parameter whose value i s  a r b i t r a r y  and i s  r e l a t e d  t o  
t h e  bank-angle cons t r a in t .  
The t r a j e c t o r i e s  i n  t h i s  s tudy a r e  chosen from t h e  13 bas i c  p a t t e r n s  
shown i n  t h e  l e f t  column of t a b l e  2. (The a d d i t i o n a l  p a t t e r n s  shown i n  t h e  
r i g h t  column of t a b l e  2 a r e  requi red  f o r  t h e  complete minimum a rc  s o l u t i o n  of  
problem ( a ) ,  and are not  used i n  t h e  a lgor i thm.)  The pa t t e rns  used a r e  com­
posed of t h r e e  o r  fewer segments; each segment cons i s t s  of a po r t ion  of e i t h e r  
a s t r a i g h t  l i n e  or a c i r c l e .  Under t h e  maneuver symbol column i n  t a b l e  2 ,  
each p a t t e r n  i s  assigned a maneuver symbol, cha rac t e r i z ing  t h e  consecutive 
maneuvers requi red  t o  f l y  t h e  t r a j e c t o r y .  For i n s t ance ,  L S L s tands f o r  
l e f t  t u r n ,  s t r a i g h t  f l i g h t ,  and l e f t  t u r n .  These sp ibols  a re  used throughout 
t h e  t e x t  t o  r e f e r  t o  a p a r t i c u l a r  p a t t e r n .  
10 

I 

P a t t e r n  Parameters 
The assignment of  a f l i g h t  p a t t e r n  depends on t h e  i n i t i a l  and f i n a l  con­
d i t i o n s  o f  t h e  problem, r ep resen ted  by t h e  coordinates  of  t h e  i n i t i a l  po in t  
and t h e  i n i t i a l  heading and by t h e  coordinates of  t h e  f i n a l  p o i n t  and t h e  
f i n a l  heading. For t h e  purpose of  p a t t e r n  assignment and t h e  c a l c u l a t i o n  o f  
p a t t e r n  cons t an t s ,  t h e  i n i t i a l  and f i n a l  condi t ions can be reduced t o  t h r e e  
parameters or states .  
The symbols Po and Pf denote t h e  i n i t i a l  and t h e  f i n a l  po in t  and Qo 
and Qf t h e  i n i t i a l  and t h e  f i n a l  heading, r e spec t ive ly .  Since Qf i s  
normally t h e  runway heading, t h e  i n i t i a l  heading i s  conveniently measured with 
reference t o  Q f .  The i n i t i a l  heading thus  measured i s  denoted by Q and i s  
A ,.
given by Q = Qo - Qf. Unit vec to r s  no and nf have d i r e c t i o n s  Qo and Qf 
and emanate from P, and P f ,  r e s p e c t i v e l y  ( f i g .  3 ) .  If fi and fif are not  
p a r a l l e l  or a n t i p a r a l l e l ,  l i n e s  drawn through fi0 and fif , ?ermed t h e  " i n i t i a l "  
and " f ina l "  l i n e s ,  w i l l  i n t e r s e c t  at a po in t  Pv. The case where t h e s e  l i n e s  
do not  i n t e r s e c t  i s  r e f e r r e d  t o  as t h e  s ingular  case and i s  considered 
s e p a r a t e l y  elsewhere. 
The p a t t e r n  parameters f o r  t h e  nonsingular case are and d f .  A 
p o s i t i v e  Q i s  def ined by r o t a t i n g  ;if clockwise i n t o  6: '!&e range of Q 
i s  -T < JI 5 TI, with Q i n  r ad ians .  The o t h e r  two parameters are do and df 
where d, i s  t h e  s igned d i s t a n c e  POPv and df i s  t h e  s igned d i s t ance  PvPf. 
The s i g n  of  a d i s t ance  i s  p o s i t i v e  i f  t h e  corresponding u n i t  vec to r  po in t s  
away from Pv. The geometric cons t ruc t ion  of t h e s e  parameters and a t m i c a l  
t r a j e c t o r y  are i l l u s t r a t e d  i n  f i g u r e  3. 
The two parameters do and df are not  d i r e c t l y  measured, b u t  must be 
computed from a v a i l a b l e  navigat ion measurements. The computation i s  aided by 
r e l a t i n g  them t o  a commonly used Cartesian coordinate  system. A s  i l l u s t r a t e d  
i n  f i g u r e  3, t h e  o r i g i n  of  t h e  coordinate system i s  a t  P f ;  i t s  x-axis Doints 
i n  t h e  d i r e c t i o n  of ;if, and i t s  y-axis p o i n t s  t o  t h e  r i g h t  of t h e  reference 
d i r e c t i o n .  This coordinate  system i s  o f t e n  used i n  a i r c r a f t  guidance and con­
t r o l  s t u d i e s .  L e t  ( x , y )  be  t h e  coordinate vec to r  of  Po i n  t h i s  system, nor­
malized by using t h e  t u r n i n g  r ad ius  R as t h e  u n i t  of  d i s t ance :  
( x 1 , y ' )  = ( x / R J / R ) .  Then do = y ' / s i n  Q, and df = - X I  + y ' / t a n  Q, or 
do = Y 
R s i n  Q 
The q u a n t i t i e s  do and df are a l s o  normalized d i s t a n c e s .  Equations ( 2 )  and 
( 3 )  are v a l i d  f o r  a l l  Q except $ = 0 o r  Q = T ,  corresponding t o  t h e  singu­
l a r  cases.  I n  an a c t u a l  computer mechanization, Q w i l l  be  considered zero or 
T when it l i e s  i n  t h e  neighborhood of t h e s e  values .  
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Switching Po in t s  
Our o b j e c t i v e  i n  t h e  next  s e v e r a l  s e c t i o n s  i s  t o  desc r ibe  how f l ight  pat­
t e r n s  are assigned as a func t ion  of t h e  t h r e e  parameters $, do, and df and 
t o  determine t h o s e  combinations o f  parameters , c a l l e d  t h e  switching p o i n t s  at 
which changes from one type  of  p a t t e r n  t o  another  occur. Although t h e  switch­
i n g  p o i n t s  can be func t ions  of  a l l  t h r e e  parameters,  t h e  p a t t e r n  assignment 
problem i s  s i m p l i f i e d  by choosing many of t h e  switching p o i n t s  as dependent 
only on $ ¶  and t h e  o t h e r s  as simple funct ions of  $ and do. The p a t t e r n  
assignment problems are d i f f e r e n t  f o r  nonsingular and f o r  s i n g u l a r  values of  
$; t h e  assignment problem f o r  t h e  nonsingular case i s  considered f irst .  
A l l  switching p o i n t s  are def ined by p o i n t s  of  tangency involving t h e  i n i ­
t i a l  or t h e  f i n a l  l i n e  and c e r t a i n  c i r c l e s  which ar ise  i n  t h e  geometric con­
s t r u c t i o n  of f l i g h t  p a t t e r n s .  The s i x  switching p o i n t s  on t h e  i n i t i a l  l i n e  
oa oa , and t h e  s i x  switching p o i n t s  on t h e  are Po i '  p o p  Po;, P P +, and P + 
f i n a l  l i n e  a r e  Pf Y-, Pfa '  p f p  P f t ,  PfZY Pf?. The d i r e c t e d  d i s t ances  measured 
f r o m t h e  o r i g i n  a t  Pv t o  t h e s e  switching p o i n t s  are 
do;' do&¶do;, dOB , 
d +, d oa + f o r  t hose  l y i n g  on t h e  i n i t i a l  l i n e  and df?' dfZ¶ df$, df$¶ df;,00 
d + f o r  t hose  l y i n g  on t h e  f i n a l  l i n e .  The " i n i t i a l "  c i r c l e  i s  t h e  c i r c l e  
f Y  
tangent  t o  t h e  i n i t i a l  l i n e  a t  Po, and t h e  " f i n a l "  c i r c l e  i s  t h e  c i r c l e  
tangent t o  t h e  f i n a l  l i n e  at Pf.  
F l i g h t  P a t t e r n s  f o r  Normal Maneuvers 
The "normal" f l i g h t  p a t t e r n s  apply,  and t h e  de r iva t ion  of switching 
p o i n t s  i s  s imples t ,  i f  t h e  i n i t i a l  and f i n a l  p o i n t s  a r e  far apart compared t o  
t h e  t u r n i n g  r ad ius .  Figure 4 i l l u s t r a t e s  t h e  t r a j e c t o r i e s  f o r  t h i s  case with 
an acute  and an obtuse value of $ f o r  0 s $ 5 n .  Each p a r t  of  t h e  f i g u r e  
shows four  t r a j e c t o r i e s  corresponding t o  four  pairs of i n i t i a l  and f i n a l  con­
d i t i o n s ,  w i t h  designat ions corresponding t o  those  i n  table 2 .  ( C i r c l e s  
involved i n  t h e  cons t ruc t ion  of t h e  t r a S e c t o r i e s  are completed by broken 
l i n e s .  ) The region of l a r g e  sepa ra t ion  between i n i t i a l  and f i n a l  p o i n t s  can 
now be  def ined more p r e c i s e l y  as t h e  set  of i n i t i a l  and f i n a l  condi t ions f o r  
which n e i t h e r  of  t h e  two i n i t i a l  c i r c l e s  i n t e r s e c t s  e i t h e r  of t h e  two f i n a l  
c i r c l e s .  I n  t h i s  r eg ion ,  t h e  fou r  t r a j e c t o r i e s  shown i n  f i g u r e s  4(a)  and 4 ( b )  
can always be drawn. The boundaries of t h e s e  regions can be  def ined by study­
i n g  t h e  f i g u r e s  as e i t h e r  t h e  i n i t i a l  or f i n a l  p o i n t  moves along i t s  l i n e .  
The t r a j e c t o r y  s t a r t i n g  at  Pol and ending a t  P f l  i s  of t h e  LSL 
type. A s  P f l  moves down, t h e  t r a j e c t o m  changes t o  t h e  RSL ty-pe when t h e  
l e f t  i n i t i a l  c i r c l e  becomes tangent  t o  do a t  switching po in t  P + The d i s ­f a 't ance  of P + from P i s  d + = t a n  $ / 2 .fa  V f a  
The same t r a j e c t o r y ,  as Pol moves t o  t h e  r i g h t ,  changes from LSL t o  
LSR when t h e  l e f t  i n i t i a l  c i r c l e  i s  tangent  t o  t h e  l i n e  df a t  Po;; Po; 
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and P + a r e  both on the  same c i r c l e .  The d i s t ance  of Po; from Pv i sf a  
d - = -tan $/2.
00 
The f i n a l  two switching po in t s  a r e  def ined from geometric convenience i n  
con t r a s t  t o  t h e  first two, where t h e  switching must t ake  p lace  a t  t h e  def ined 
po in t s .  A t r a j e c t o r y  s t a r t i n g  at Pol and ending a t  Pf2 i s  of type  RSL. A s  
P
01 
moves t o  t h e  r i g h t ,  t h e  r i g h t  i n i t i a l  c i r c l e  first becomes tangent  t o  t h e  
f i n a l  l i n e s  at P 
OB , at doB = - l / t a n ( $ / 2 ) .  
The las t  switching p o i n t ,  P
f Y
+, modifies t h e  t r a j e c t o r y  connecting P 
02  
and P f l .  A s  Pf l  moves toward P
f 2  ’ t h e  switch from type  LSR t o  type  RSR 
occurs a t  P
f Y
+. A s  wi th  PoB, t h i s  switching po in t  i s  not  a geometr ical  
necess i ty ,  s ince  both LSR and RSR t r a j e c t o r i e s  a r e  usable  for a l l  po in t s  on 
df.  However, t h e  switch from LSR t o  RSR a t  some poin t  near  Pv y i e l d s  tra­
j e c t o r i e s  of s h o r t e r  pa th  length .  Since P + i s  a geometr ical ly  s i g n i f i c a n t
f Y  
po in t  f o r  near-distance maneuvers, it w a s  chosen for t h i s  purpose a l s o  f o r  
minimizing t h e  t o t a l  number of switching po in t s .  I ts  loca t ion  on df i s  
e s t ab l i shed  by l o c a t i n g  Po2 so  t h a t  t h e  l e f t  i n i t i a l  c i r c l e  of PO2 and t h e  
r i g h t  f i n a l  c i r c l e  of Pf l  a r e  tangent  a t  only one poin t  as P moves 
toward P
f2 - Po2 i s  then  a t  Po;, and Pf l  i s  at Pf Y+ ( f i g .  47: To con­
s t r u c t  t h e  c i r c l e s  e s t a b l i s h i n g  t h e s e  p o i n t s ,  d r a w  a c i r c l e  w i t h  c en te r  at t h e  
i n t e r s e c t i o n  of two l i n e s ,  one l i n e  t h r e e  u n i t s  t o  t h e  r i g h t  of df and t h e  
o the r  l i n e  one u n i t  above do, tangent  t o  do a t  P +. The second c i r c l e  
Oc1 
can now be drawn tangent  t o  t h i s  c i r c l e ,  and a l s o  tangent  t o  df a t  Pf v+. 
Thus, d + = 3/ tan  IJJ + l / s i n  IJJ and do; = 3 / s in  $ + l / t a n  IJJ.
f Y  
From symmetry, t r a j e c t o r i e s  f o r  t h e  negat ive IJJ range,  -IT < $ < 0 ,  can 
be  taken as t h e  mir ror  images of t r a j e c t o r i e s  f o r  t h e  p o s i t i v e  IJJ range 
r e f l e c t e d  about t h e  d, a x i s .  The r e f l e c t i o n  of t r a j e c t o r i e s  f o r  negat ive
IJJ values i s  e s s e n t i a l l y  equivalent  t o  t h e  in t roduc t ion  of another switching 
poin t  a t  IJJ = 0. This r e f l e c t i o n  procedure f o r  negat ive IJJ i s  a l s o  v a l i d  f o r  
near-distance maneuvers. 
F l i g h t  Pa t t e rns  f o r  Near-Distance Maneuvers 
If t h e  i n i t i a l  and t h e  f i n a l  po in t s  a r e  s o  c lose  t h a t  at least one p a i r  
of  i n i t i a l  and f i n a l  c i r c l e s  i n t e r s e c t ,  t h e  f l i g h t  p a t t e r n s  given i n  t h e  pre­
ceding s e c t i o n  may become i n v a l i d .  F l i g h t  p a t t e r n s  f o r  t h i s  condi t ion a r e  
r e f e r r e d  t o  as near-dis tance maneuvers. Near-distance maneuvers r a r e l y  occur 
i n  terminal-area opera t ion  of a i r c r a f t  and should always be avoided s ince  t h e  
r e s u l t i n g  d i s rup t ion  of a i r c r a r t  on landing approach can cause landing delays.  
Nevertheless ,  events t h a t  genera l ly  r equ i r e  near-dis tance maneuvers , such as 
go-arounds and emergencies, do OCCUT i n  a s m a l l  bu t  not  neg l ig ib l e  percentage 
of  t akeof f s  and approaches. Therefore,  no automatic te rmina l  guidance system 
i s  complete unless  it can a l s o  handle such events .  
1 3  
P a t t e r n  s e l e c t i o n  rules for near-dis tance maneuvers are somewhat 
involved. Readers not  i n t e r e s t e d  i n  fol lowing t h e s e  d e t a i l s  may go d i r e c t l y  
t o  t h e  next s e c t i o n ,  on switching diagrams, where t h e  s e l e c t i o n  r u l e s  a r e  
summarized. 
When Po i s  t o  t h e  l e f t  of  Po;, two groups of  switching po in t s  are 
needed t o  def ine  t h e  t r a j e c t o r i e s .  The first group contains  t h e  po in t s  pfy  
p f t ,  
and P 
0a 
-. If i n  f i g u r e  )+(a)or 4(b )  t h e  po in t s  Pol and P 
f 2  
move s i m u l ­
taneously toward t h e  o r i g i n ,  they  w i l l  reach p o s i t i o n s  where t h e  s t r a i g h t - l i n e  
segment of t h e  RSL t r a j e c t o r y  vanishes and t h e  r i g h t  i n i t i a l  c i r c l e  becomes 
tangent  t o  t h e  l e f t  f i n a l  c i r c l e .  There a r e  gene ra l ly  two poss ib l e  f i n a l  
c i r c l e s  tangent  t o  t h e  l i n e  df and t o  t h e  i n i t i a l  c i r c l e ;  i n  f i g u r e  5 ( a ) ,  
po in t s  of tangency of t h e  f i n a l  c i r c l e s  wi th  df are denoted by Pf V  f o r  t h e  
f u r t h e r  of t h e  two po in t s  and by Pf$ f o r  t h e  nea re r  of t h e  two from t h e  
o r i g i n .  The pos i t i ons  of t h e s e  two po in t s  a r e  func t ions  of t h e  pos i t i on  of 
po l ;  as pol moves back t o  t h e  l e f t  t o  Po;, t h e  po in t s  of tangency Pf7 and 
Pf$ merge i n t o  a s i n g l e  po in t .  For i n i t i a l  po in t s  t o  t h e  l e f t  of  P oa -’ i n i ­
t i a l  and f i n a l  c i r c l e s  do not  i n t e r s e c t ,  and t h e  region i s  as discussed i n  t h e  
preceding sec t ion .  The upper l i m i t  of Pf$ i s  Pf a+, reached when 1 i s  a t  
* 
The second group contains  t h e  poin ts  Pfa and P0 6  ‘ Point  Pf a  - i s  
defined by a c i r c l e  tangent  t o  t h e  negat ive df a x i s  and t h e  p o s i t i v e  do 
a x i s ,  as i l l u s t r a t e d  i n  f i g u r e  5 ( a ) .  The d e f i n i t i o n  of 6 depends on t h e  
value of $. For 0 < $ d ~ / 2 ,  Po6 i s  obtained by moving Pol toward Pou -
u n t i l  Pf$ coincides  with Pfa  i n  f i g u r e  5 ( c ) .  For ~ / 2I $ < T ,  Po6 i s  
obtained s i m i l a r l y  by moving toward P - u n t i l  P - ( i n s t e a d  of  PY8)1 ou f Y  
coincides  with P
f;;’ 
i n  f i g u r e  5 ( d ) .  This d e f i n i t i o n  of P
0 6  
i s  continuous 
a t  $ = ~ / 2 ,t h e  angle  common t o  both d e f i n i t i o n s .  Thus, f o r  s m a l l  $, P0 6  
l i e s  near P ou -. A s  $ increases  p06 moves toward P0a - coinciding with 
P
0a 
- a t  $ = ~ / 2 .  For $ > ~ / 2 ,Po& reverses  i t s  d i r e c t i o n  and moves i n  t h e  
p o s i t i v e  do d i r e c t i o n .  
For f i n a l  po in t s  i n  [Pf?’ Pf 8  3 ,  t h e  t r a< jec to ry  assignment depends on 
values of JI and on t h e  i n i t i a l  po in t .  I f  0 < $ _< ~ / 2 ,and t h e  i n i t i a l  po in t  
i s  i n  [P -,P0 6  I ,  an RSR t r a j e c t o r y  i s  used as shown i n  f i g u r e  5 ( a ) .  For i n i ­oa 
t i a l  po in t s  i n  [P0 6  ,P -1, an RSR t r a j e c t o r y  i s  used f o r  f i n a l  po in t s  below o u  
Pfa  as i n  f i g u r e  5 ( a ) ,  and an LSR t r a j e c t o r y  i s  used f o r  f i n a l  po in ts  above 
<Pfa,  as i n  f i g u r e  6 (a ) .  If ~ / 2  $ < T ,  an LSR t r a j e c t o r y  i s  assigned f o r  
i n  [p  _-,P
0 6  
3 ,  e i t h e r  an LSR o r  an RSR type  f o r  Po i n  [ p0 6  YP-1 Y an LSR PO oa ou 
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t r a j e c t o r y  i s  used f o r  f i n a l  p o i n t s  above Pf5, and an RSR type f o r  f i n a l  
p o i n t s  below Pfa 
The e f f e c t  o f  PoB on p a t t e r n  assignment i s  t o  modiSy t h e  d e f i n i t i o n  of 
pfV. Whenever Po i s  a t  or t o  t h e  r i g h t  of  POBYt h e  corresponding Pf V  i s  
a t  negat ive i n f i n i t y  on t h e  df a x i s .  If Po i s  t o  t h e  l e f t  of PoB, Pfu 
i s  l o c a t e d  by t h e  procedure i l l u s t r a t e d  i n  f i g u r e  5 ( a ) .  
For i n i t i a l  po in t s  i n  [P -,P -1 and f i n a l  po in t s  not  i n  [Pf--,Pf$], tra­oa ou 
j e c t o r i e s  are assigned so  as t o  be compatible with those  i n  t h e  preceding sec­
t i o n .  Thus, i f  Pf i s  i n  [Pft,Pf;] -an RSL type i s  used; i f  Pf i s  above 
P +, an LSL type i s  used. F i n a l  po in t s  can be below Pf V  only i f  Po i s  i nf a  
s i n c e  otherwise Pf V  i s  a t  negat ive i n f i n i t y .  I n  a d d i t i o n ,  P~ p o ~ ~ p o s l  OBY 
and Po; interchange t h e  o rde r  o f  t h e i r  p o s i t i o n s  on t h e  do a x i s  as I/J 
passes  through ~ r / 2r ad ians .  However, f o r  a l l  values of I/J, t h e  RSL type i s  
used i f  Po i s  i n  [P -,P 
of3 
] and Pf i s  below PfV' This completes t h e  tra­oa 
j e c t o r y  assignment f o r  t h e  s e t  of i n i t i a l  po in t s  t o  t h e  l e f t  of  P - and a l l  oupo in t s  on df.  
T r a j e c t o r i e s  f o r  p o i n t s  t o  t h e  r i g h t  of  P - involve switching p o i n t sou  
P f f ,  Po;, Po;, and ar ise  as a p o i n t  on do, far t o  t h e  r i g h t  of  t h e  o r i g i n ,  i s  
moved toward pea. I n  f i g u r e  4 ,  as pO2 and P
f l  
move simultaneously toward 
t h e  o r i g i n ,  t hey  reach p o s i t i o n s  where t h e  i n i t i a l  and t h e  f i n a l  c i r c l e s  
become tangent .  A s  d iscussed p rev ious ly ,  p a s t  t h i s  p o i n t  t h e r e  are two f i n a l  
c i r c l e s  tangent  t o  t h e  i n i t i a l  c i r c l e .  However, un l ike  t h e  case discussed 
ea r l i e r ,  only t h e  tangent  p o i n t  f a r t h e s t  from t h e  o r i g i n  i s  of  i n t e r e s t .  This 
po in t  (P +) and t h e  t r a j e c t o r y  t h a t  de f ines  it are i l l u s t r a t e d  i n  f i g u r e  5(b).
f Y  
The p o s i t i o n  of Po2, which y i e l d s  only a s i n g l e  tangent  po in t  between i n i t i a l  
and f i n a l  c i r c l e s ,  as Pf2 and i t s  r i g h t  f i n a l  c i r c l e  are moved along d f ,  i s  
def ined ( f i g .  4 )  as Po;. For P
0 2  
t o  t h e  l e f t  of Po;, P
f Y
+ i s  a funct ion of  
both JI and P 
0 2  ' - whereas t o  t h e  r i g h t  of  Po;, P f Y  + i s  a r b i t r a r i l y  assigned 
t h e  value corresponding t o  Po2 a t  P -. For a l l  i n i t i a l  p o i n t s  t o  t h e  r i g h t
OD 
o f  Po; and f i n a l  p o i n t s  above P f Y
+, an LSR type i s  chosen, which i s  simply 
t h e  cont inuat ion of t h e  type  used i n  f i g u r e  4 between 
p02 
and P
f l  - Simi­
l a r l y ,  an RSR type i s  used f o r  a l l  i n i t i a l  p o i n t s  t o  t h e  r i g h t  of  P + and ou 
f i n a l  p o i n t s  below P +. This type i s  shown i n  f i g u r e  5(b)  as t h e  t r a j e c t o r y
f Y  
connecting p o i n t s  
p02 
and P
f 2  * 
(The switching po in t  P +, which i s  t h e  com­ou 
panion p o i n t  t o  Pfa and i s  i l l u s t r a t e d  i n  f i g u r e  5 ( b ) ,  w i l l  be discussed i n  
t h e  next  paragraph.)  The RSR type i s  a l s o  used f o r  f i n a l  p o i n t s  below pf;i f  t h e  i n i t i a l  p o i n t s  are i n  [P -,P + I .  oa oa 
The t r a j e c t o r y  assignment problem i s  concluded by specifjring t h e  t r a j e c ­
t o r i e s  for Po i n  [Poa,Po;] and Pf i n  [Pf;,Pf;]. The need f o r  a switching 
p o i n t  a t  P + i s  shown when Po2 i n  f i g u r e  5(b)  i s  moved i n t o  coincidence 
00 
with P + while  maintaining Pf2 between Pfz and P +. A t  t h e  po in t  of  coin­
00 f Y  
cidence,  t h e  RSR t r a j e c t o r y  assigned t o  p o i n t s  t o  t h e  r i g h t  of  Po;: degene­
rates i n t o  a RS t r a j e c t o r y ,  t hus  e s t a b l i s h i n g  P + as a l i m i t i n g  p o i n t  of t h e  
00 
RSR type.  S i m i l a r l y ,  Pf a-, t h e  companion p o i n t  t o  P +, i s  a l i m i t i n g  p o i n t  of 00 
t h e  RSR type.  If ,  i n  f i g u r e  5 (b ), Po2 i s  i n  [P  -,P + I  and P
f 2  
i s  below Pfa,
00 oa 
t h e  RSR t r a j e c t o r y  assigned i n  t h e  preceding parargraph t o  t h i s  combination of 
i n i t i a l  and f i n a l  p o i n t s  degenerates i n t o  an SR tme as Pf2 moves i n t o  coin­
cidence wi th  pfo . If Pf2 moves s l i g h t l y  above Pfa , and t h e  l e f t  i n i t i a l  
c i r c l e  and t h e  r i g h t  f i n a l  c i r c l e  do not i n t e r s e c t ,  an LSR type i s  used, shown 
i n  f i g u r e  6 ( b )  between P and Pf.  The f i n a l  switching p o i n t ,  denoted by 
Pf 6-, then occurs as Pf Ps moved up u n t i l  t h e  l e f t  i n i t i a l  c i r c l e  and t h e  
r i g h t  f i n a l  c i r c l e  become t angen t .  For f i n a l  p o i n t s  above Pf 6-, t h e  LSL type 
i n  f i g u r e  6 ( c )  i s  used. The range of  p f T  i s  [P  - P + I ,  t h e  lower l i m i tf a Y  f y  
be ing  reached as Po approaches P + and t h e  upper l i m i t  as Po approaches
00 
* 
A s  b e f o r e ,  t h e s e  r u l e s  must b e  s l i g h t l y  q u a l i f i e d  t o  take i n t o  account 
t h e  e f f e c t  of P which moves t o  t h e  r i g h t  of Po; f o r  $ > IT/^. If p0
OB 
l i e s  t o  t h e  r i g h t  of  P no changes i n  t h e  r u l e s  are needed. For Po i n  
08 ’ 
[Po; ’POB1 3 Pf7 i s  l o c a t e d  with r e spec t  t o  Pf.  If Pf i s  above Pfr’ pfu 
i s  disregarded and t h e  e s t a b l i s h e d  assignment r u l e s  a r e  used. If Pf i s  
below P
fY
-, t h e  previously e s t a b l i s h e d  RSL t r a j e c t o e  i s  used. This concludes 
t h e  assignment of t r a j e c t o r i e s  f o r  a l l  combinations of t h e  p a t t e r n  parameters. 
Derivat ion of  Switching Functions 
The next s t e p  i s  t o  de r ive  t h e  a n a l y t i c a l  expressions not  yet given f o r  
some switching p o i n t s .  An e s s e n t i a l  s t e p  i n  t h e  d e r i v a t i o n  i s  t o  so lve  f o r  

various p a r t s  of t h e  r i g h t  t r i a n g l e  Pv, C o y  P,, shown i n  f i g u r e  7.  Since a l l  

c i r c l e s  i n  t h e  cons t ruc t ion  have u n i t  r a d i u s ,  = and 

Q2 = + + tan-’ l / d o  where do i s  negat ive i n  t h i s  example. Now 

copn = , / i T s i n  $ 2  , 
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J, 
= & T x cos $2
'nPv 0 
These expressions s u f f i c e  t o  c a l c u l a t e  
and %: 
df$ = d0 cos J, - s i n  J, + 44 - (do s i n  J, + cos J, + 112 (4) 
df V  = do cos J, - s i n  J, - 44 - (do s i n  J, + COS J, + 1)' ( 5 )  
The expression f o r  d - can be obtained by equat ing t o  zero t h e  expres-
Oc1 
s i o n  f o r  PnPf$, so lv ing  t h e  r e s u l t i n g  equation f o r  do, and s u b s t i t u t i n g  
f o r  do: dOcl 
The expressions f o r  d + and dfa  are: ou 
d + = t a n -2 ( 7 )oa 
df a  - = - tan 	-
J, ( 8 )2 
If 0 < J, < n/2,  do6 i s  obtained by equat ing expressions f o r  df$ and 
dfZ 
and so lv ing  t h e  r e s u l t i n g  equation f o r  do, which i s  then i n t e r p r e t e d  as 
: 
do& = - tan 	-J, cos J, - s i n  J, - 1 + cos + - t a n  2 ( 9 )2 
S i m i l a r l y ,  f o r  IT/^ < J, < IT,  6 i s  obtained by equat ing df V  and d - How­f a '  
ever, af ter  t h e  proper s i g n  i s  chosen i n  f r o n t  of  t h e  square roo t  expression 
occurr ing i n  t h e  s o l u t i o n  of  t h e  quadra t i c  equa t ion ,  t h e  equation obtained i s  
t h e  same as equation ( 9 ) .  
The expressions f o r  df Y+ and df8 can be der ived i n  t he  same way as df V  
and df$. They may a l s o  be deduced d i r e c t l y  from df$ and df V  by symmetry: 
d + = d cos J, + s i n  J, + J4 - (-do s i n  J, + cos J, + 1 ) 2  (10)fY 0 
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df3 = d0 cos J, + s i n  J, - J4 - (-d 0 s i n  J, + cos + + 1 ) 2  
A complete c o l l e c t i o n  of a l l  switching f u n c t i o n s ,  along with t h e i r  
domains of d e f i n i t i o n ,  i s  given i n  table 3. 
Switching Diagrams 
The var ious regions of  t r a j e c t o r y  p a t t e r n s  i n  t h e  three-dimensional 
parameter space ( J , ,  do, d f )  can be  i l l u s t r a t e d  w i t h  switching diagrams which 
c o n s i s t  of  p l ana r  c u t s  through t h i s  space obtained by holding one of t h e  t h r e e  
parameters constant .  When JI i s  cons t an t ,  t h e  switching diagrams are as 
shown i n  f i g u r e s  8 (a), ( b )  , and ( c )  f o r  t h r e e  values  of J,: TI/^, IT/^, and 
3~1 /4 .  
Each region i s  l abe led  with t h e  p a t t e r n  type  e s t a b l i s h e d  f o r  it i n  the 
preceding s e c t i o n s .  On t h e  region boundaries ,  t h e  f o u r  types of t h ree -
segment p a t t e r n s  o f t e n  degenerate t o  one- or two-segment p a t t e r n s ,  as i n d i ­
ca t ed  by t h e  coded l i n e s .  I n  a d d i t i o n  t o  g iv ing  a compact r ep resen ta t ion  of 
p a t t e r n  regions,  t h e  switching diagrams f i n d  use i n  developing decis ion l o g i c  
f o r  p a t t e r n  type s e l e c t i o n .  
The switching diagrams show t h a t  f o r  + = TI/^ and 3IT/4, doB = do6. The 
l i n e  segment 
dfo 
i s  terminated on the l e f t  by d 
f Y  
- f o r  + < 3~1/4and by 
doB 
f o r  J, 2 3 ~ 1 / 4 ,as shown by t h e  two i n s e r t s  i n  f i g u r e  8 ( c ) .  No o the r  changes 
i n  t h e  s t r u c t u r e  of t h e  switching diagrams occur as J, i s  va r i ed  i n  t h e  
range 0 < + < IT. 
F l i g h t  P a t t e r n s  f o r  J, = 0 and J, = IT Radians 
For t h e  two s i n g u l a r  values of +, J, = 0 and J, = TI r ad i ans ,  t h e  param­
e t e r s  do and df a r e  not  defined. I n s t e a d ,  t h e  parameters used a r e  t h e  rec­
t angu la r  coordinates  of t h e  i n i t i a l  p o i n t ,  Po, expressed i n  t h e  coordi-X , Y  

n a t e  system of f i g u r e  3. This coordinate  system i s  centered a t  Pf and has  
i t s  x-axis po in t ing  i n  the d i r e c t i o n  of t h e  f i n a l  heading. Unlike t h e  param­
e ter  space (do, d f )  , t h e  parameter space ( X ,  Y) oreserves t h e  geometric shapes 
of f igu res  under mappings ; t h e r e f o r e  p a t t e r n  assignment and switching diagrams 
can be combined i n  one f i g u r e .  
Switching diagrams, as w e l l  as example t r a j e c t o r i e s ,  a r e  given f o r  
J, = 0 i n  f i g u r e  9 ( a )  and for J, = IT radians i n  f i g u r e  9 ( b ) .  For both values  
of $, t h e  switching curves which sepa ra t e  t h e  parameter space i n t o  regions of 
d i f f e r e n t  p a t t e r n s  a r e  e i t h e r  s t r a i g h t  l i n e s  o r  p o r t i o n s  of c i r c l e s  with 
r ad ius  2.  For + = 0 ,  one c i r c l e  i s  centered a t  ( 0  ,-2) , t h e  o the r  a t  ( 0 , 2 ) .  
For J, = IT, t h e  one c i r c l e  i s  centered a t  t h e  o r i g i n .  These c i r c l e s  de f ine  
t h e  locus of i n i t i a l  p o i n t s  f o r  which an i n i t i a l  c i r c l e  i s  tangent  t o  a f i n a l  
c i r c l e .  The switching diagrams are symmetric about t h e  x-axis. This s p ­
metry i s  a l s o  p re sen t  i n  t h e  p a t t e r n  assignment; f o r  a given value of X ,  tra­
j e c t o r i e s  i n  t h e  negat ive Y plane are t h e  mirror images of  t r a j e c t o r i e s  i n  
'or'fr 
t h e  p o s i t i v e  Y plane.  Seve ra l  sample t r a j e c t o r i e s  are superimposed on t h e  
switching diagrams t o  i l l u s t r a t e  t h e  p a t t e r n  assignment. 
Derivat ion of Path-Length Equation 
I n  preceding s e c t i o n s ,  r u l e s  were der ived f o r  choosing a p a r t i c u l a r  tra­
j e c t o r y  f o r  each i n i t i a l  p o s i t i o n  and heading of  an a i r c r a f t .  The next step 
i s  t o  der ive equations for. c a l c u l a t i n g  t h e  path l eng th  and t h e  heading changes 
i n  t h e  f irst  and f i n a l  t u r n s  f o r  each t ra . iectory.  For t h e  RSR t r a , j e c t o w  
between Po and Pf i n  figure l O ( a )  , Po i s  at .(x,y), t h e  i n i t i a l  heading i s  
+, and t h e  t u r n i n g  r ad ius  i s  R .  Then:- * ----+ 
'fCor = P Pf o  + POCO, = + R COS($  + 
---* Fur the r ,  t h e  vec to r  'orCfr i s  the d i f f e rence  between 
+ 
and PT ­'f'fr f or' 
+ = [ - X - R c o s  R s in($ + :) - (13) 
-3
The heading of  t h e  vec to r  C o r C f r ,  denoted by $1, equals  the  heading of t h e  
s t r a i g h t - l i n e  segment, $ s ,  whereas t h e  l eng th  of t h i s  vec to r  equals  t h e  length 
of  t h e  s t r a i g h t - l i n e  segment: 
$, = 
- heading of  s t r a i g h t - = tan- 1 R - R- s i n [ $  + ( 1 ~ / 2 ) 1- Y l i n e  segment -X - R cos[$ + ( 1 ~ / 2 ) 1  (14) 
Of 
'1'2 
length straight- = &X+R cos [$+( 7 / 2 )  ].l2+{R-R s i n [  $+( r /2)  ]-Y12l i n e  segment 
The arctangent  i s  evaluated i n  the conventional manner as an angle + i n  t h e  
range 0 -< + < 2 ~ r .  The heading change $i i n  t h e  f i r s t  t u r n  i s  seen t o  be  
The pa th  l eng th  i n  t h e  f irst  t u r n  i s  then  PoP1 = $ i R .  F i n a l l y ,  t h e  angle 
Jlf and t h e  pa th  l eng th  of the  f i n a l  t u r n  are 
if $, = 0 P2Pf = 0 (19) 
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The t r a j e c t o r y  constants  f o r  an RSL t r a j e c t o r y ,  as i n  figure 1 0 ( b ) ,  begin
----+with vector  CorCfe: 
which can be  w r i t t e n  i n  Car t e s i an  coordinates:  
'orCfe = [-x - R cos($ + $), -R - R s i n  iq, + -;,-.I----* 
For t h e  t r a j e c t o r y  t o  e x i s t  w e  must have 11 CorC f e  11 1 2R. The ex i s t ence  of t h e  
t r a j e c t o r y  i s  guaranteed i f  t h e  p a t t e r n  s e l e c t i o n  rules e s t a b l i s h e d  i n  t h e  
preceding s e c t i o n  are appl ied.  The next s t e p  i s - t o  c a l c u l a t S $ ' ,  t h e  angle 
between t h e  vec to r s  ' 3 2  and C z C f e ;  s i n c e  'or'c = (1/2)11CorCfell , 
R$ '  = a r c  s i n  1 ­2 II CorCfe II 
The l eng th  of t h e  s t r a i g h t - l i n e  segment and i t s  heading are t h e r e f o r e  
PIP2 = 
- l eng th  o f  s t r a i g h t - - 2R-
l i n e  segment t a n  $'  
$S E 
heading of s t r a i g h t - -- $1 + $ 'Tine segment 
---+
where $1 i s  the heading of  t h e  vec to r  'orCfe : 
$1 = a r c t a n  -R - R s i n [ $  + ( 1 ~ / 2 ) 1- Y -X - R c o s [ $  + ( 1 ~ / 2 ) 1  
F i n a l l y ,  t h e  heading changes and a r c  l eng th  of  t h e  i n i t i a l  and t h e  f i n a l  t u r n s  
are : 
$f = $s Y 
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For t h e  LSL and LSR p a t t e r n s ,  t h e  same techniques used f o r  t h e  RSR p a t t e r n  
above are app l i cab le .  Table 4 summarizes path-length and heading change equa­
t i o n s  f o r  t h e  f o u r  major p a t t e r n  types. When p o s s i b l e ,  t h e  equations a r e  
s i m p l i f i e d  by a p p l i c a t i o n  of  t r igonometr ic  i d e n t i t i e s .  P a t t e r n s  with f e w e r  
than t h r e e  segments are s p e c i a l  cases  of t h e  three-segment p a t t e r n s  and are 
not  included i n  t h e  table.  
The major computational units i n  t h e  h o r i z o n t a l  guidance algori thm are 
summarized i n  t h e  flow cha r t  given i n  f i g u r e  11. Reference i n  t h e  cha r t  t o  a 
f i g u r e  or table  i n  t h e  t e x t  i d e n t i f i e s  a major u n i t  and implies t h a t  l o g i c  
must be developed t o  perform t h e  i n d i c a t e d  f’unction. For example, e n t e r i n g  a 
switching diagram t o  s e l e c t  a p a t t e r n  r equ i r e s  t h e  development o f  a flow c h a r t  
of  i n e q u a l i t y  tes ts  performed on t h e  switching funct ions given i n  table 3 t o  
l o c a t e  t h e  c o r r e c t  p a t t e r n  region.  ExamrJes of  such flow c h a r t s  f o r  t h e  
switching diagrams of  problems ( b )  and ( c )  are i n  t h e  next s e c t i o n .  
TRAJECTORY SYNTHESIS FOR PROBLEMS (b), ( c )  , ( d )  
Optimum c o n t r o l  l a w s  f o r  t h e  minimum-path-length t r a j e c t o r i e s  of prob­
lems ( b )  and ( c )  are der ived i n  reference 9 .  To complete t h e  s o l u t i o n  of  
t h e s e  h o r i z o n t a l  t r a j e c t o r y  problems, equations a r e  r equ i r ed  f o r  t h e  pa th  
length and t h e  t u r n i n g  angles of t h e  optimum t r a t j e c t o r i e s .  I n  a d d i t i o n ,  com­
p u t e r  algorithms a r e  needed for t h e  implementation of t h e  c o n t r o l  l a w s .  Fur­
t h e r ,  a s o l u t i o n  t o  problem ( d )  i s  necessary.  A s  i n  t h e  previous s e c t i o n ,  
d i s t ances  a r e  normalized t o  u n i t s  of t u r n i n g  r a d i u s .  
T ra j ec to ry  Synthesis f o r  Problem ( b )  
Problem (b) w a s  t o  f l y  from any i n i t i a l  p o s i t i o n  and heading t o  i n t e r c e p t  
and f l y  along a l i n e  of  s p e c i f i e d  heading. The minimum-arc-length c o n t r o l  l a w  
f o r  t h i s  problem, from re fe rence  9 ,  i s  shown as t h e  switching diagram i n  f i g ­
ure  1 2 .  Coordinates are d and $; d i s  t h e  perpendicular  d i s t ance  i n  u n i t s  
of  t u r n i n g  r a d i i  from t h e  f i n a l  l i n e ,  and $ i s  t h e  heading measured with 
r e spec t  t o  t h e  heading of  t h e  f i n a l  l i n e .  The coordinate d i s  p o s i t i v e  f o r  
i n i t i a l  p o i n t s  t o  t h e  r i g h t  of t h e  f i n a l  l i n e  i f  one faces  i n  t h e  d i r e c t i o n  of  
t h e  f i n a l  heading. The heading $ i s  p o s i t i v e  f o r  a clockwise r o t a t i o n  from 
t h e  d i r e c t i o n  of t h e  f i n a l  l i n e ,  and i t s  range i s  --71 < $ 5 T. S o l i d  switching 
l i n e s  with arrows i n d i c a t e  t h e  d i r e c t i o n  a phase p o i n t  t r a v e l s  toward t h e  o r i ­
gin.  The switching l i n e s  and t h e  dashed l i n e s  sepa ra t e  t h e  phase plane i n t o  
var ious regions.  Each switching l i n e  and region i s  l abe led  with i t s  respec­
t i ve  p a t t e r n  type.  Reference 9 shows t h a t  t h e  optimum t r a j e c t o r i e s  f o r  t h i s  
problem c o n s i s t  a t  most of  t h r e e  segments, with t h e  m?.ddle segment a s t r a i g h t  
l i n e  and t h e  f i r s t  and las t  segments po r t ions  of minimum-radius c i r c l e s .  
I n  t h e  phase p l ane ,  r i g h t  and l e f t  t u r n s  with u n i t y  t u r n i n g  r ad ius  a r e  
parameterized by t h e  equat ions 
d r ($ )  = do + cos $o - cos $ ( r i g h t  t u r n )  
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a,($) = do - cos +o + cos $ ( l e f t  t u r n )  (29)  
where do and $, are t h e  phase po in t s  where t h e  t u r n s  are i n i t i a t e d .  
S t r a i g h t - l i n e  f l i g h t  generates  a l i n e  p a r a l l e l  t o  t h e  d a x i s .  The switching 
l i n e s  a r e  s p e c i a l  cases of t h e s e  phase plane t r a j e c t o r i e s  and are l abe led  Si 
through s6 i n  the switching diagram. The equati.ons f o r  t h e  switching l i n e s ,  
along with t h e i r  domain of  d e f i n i t i o n ,  are r equ i r ed  by t h e  computer a lgori thm 
t o  s e l e c t  t h e  c o r r e c t  p a t t e r n  type f o r  a given i n i t i a l  condi t ion:  
SI($) = 1 - cos q J  $ 4 Eo, 7r/21 (30)  
s&) = -1 + cos $ $ g [ o ,  -IT/21 (32)  
S b ( d )  = - ~ / 2  d 2 l  (33 )  
S g ( d )  = Tr/2 d I -1 (34 )  
s&J) = -1 - cos $ -7r < $ -< Tr/2 (35 )  
The dashed l i n e s  which a l s o  form por t ions  of the  boundaries between p a t t e r n  
regions do not r ep resen t  phase-plane t r a , j e c t o r i e s .  I n s t e a d ,  they def ine the  
set  of i n i t i a l  p o i n t s  f o r  which two t r a , j ec to ry  tvpes y i e l d  eq-ual pa th  l eng th .  
For example, t h e  RSR t r a j e c t o r y  and t h e  LSR t r a j e c t o r y  y i e l d  the  same value 
f o r  t h e  path l eng th  f o r  i n i t i a l  condi t ions on t h e  dashed l i n e  segment 
$ = ~ / 2 ,d 2 1. F o r  d e f i n i t e n e s s ,  one of t h e  minimum-path-length t r a j e c t o r i e s  
i s  a r b i t r a r i l y  assigned t o  such po in t s  of  ambiguity. The phase t r a , j e c t o r i e s  
for e i g h t  i n i t i a l  condi t ions (Pa - Ph) are t r a c e d  out i n  f i g u r e  1 2 ,  and t h e i r  
corresponding geometric p a t t e r n s  a r e  shown i n  f i g u r e  13. 
Parametric equat ions (28 )  and (29)  f o r  t h e  phase-Dlane t r a , j e c t o r i e s ,  
t oge the r  with t h e  switching diagram, a r e  used t o  de r ive  equations f o r  t u r n i n g  
angles  and f o r  t h e  l eng th  of t h e  s t r a i g h t - l i n e  p o r t i o n  of t h e  var ious pat­
t e r n s .  Table 5 l i s t s  t h e s e  equations and t h e i r  region of v a l i d i t v  f o r  a l l  
t r a j e c t o r y  types beginning with a l e f t  t u r n .  Equations f o r  t h e  mirror-image 
t r a j e c t o r i e s  are obtained by r eve r s ing  t h e  s i g n s  of  + and d. For examnle, 
i f  d and + are such t h a t  t h e  switching diagram s p e c i f i e s  an RSR t r a . j ec to ry ,  
t h e  s igns  of d and + are r eve r sed ,  t hen  en te red  i n t o  t h e  equations f o r  t h e  
LSL t r a j e c t o r y  given i n  table  5. 
F i n a l l y ,  t h e  switching diagram ( f i g .  1 2 )  , equations (30) through (35)  , 
and t h e  equations i n  t a b l e  5 can be used t o  cons t ruc t  a flow cha r t  f o r  tra, jec­
t o r y  syn thes i s  ( f i g .  14). The input  t o  t h e  flow c h a r t  i s  d and $, and i t s  
output i s  t h e  t r a j e c t o r y  type  and parameters. The f i r s t  part of  t h e  flow 
c h a r t  c o n s i s t s  of a sequence of  i n e q u a l i t y  t e s t s  on d and $ t o  determine t h e  
p a t t e r n  t y p e ,  and t h e  second p a r t  c o n s i s t s  of t h e  c a l c u l a t i o n  of t h e  tra. jec­
t o r y  parameters. The flow cha r t  l o g i c  w a s  s imp l i f i ed  by makl.ng use of t h e  odd 
symmetry of t h e  switching diagram. I f  t h e  given d and $ r e q u i r e  a p a t t e r n  
beginning with a r i g h t  t u r n ,  t h e  algori thm reve r ses  t h e i r  s i g n s ,  i d e n t i f i i n g  
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t h e  s i t u a t i o n  by s e t t i n g  index ir = 2 .  Af t e r  t h e  p a t t e r n  narameters are com­
puted,  ir i s  checked; i f  it i s  2 ,  t h e  p a t t e r n  i s  r eve r sed  t o  i t s  mi r ro r  i m a R e .  
T ra j ec to ry  Synthesis f o r  Problem ( c )  
Problem ( c )  i s  t o  f l y  from a given i n i t i a l  Dosi t ion and heading t o  a 
s p e c i f i e d  f i n a l  p o i n t  w i th  an unspecif ied f i n a l  heading. The c o n t r o l  l a w  t h a t  
minimizes a r c  l eng th ,  der ived i n  reference 9 ,  i s  shown i n  f i g u r e  1 5 ( a ) ,  with 
d i s t ances  normalized t o  t h e  u n i t  t u r n i n g  r ad ius .  The l o c a t i o n  of t h e  f i n a l  
p o i n t  i s  expressed i n  a coordinate  system which has i t s  o r i g i n  a t  t h e  i n i t i a l  
p o s i t i o n ,  Po, i t s  x-axis p o i n t i n g  i n  t h e  d i r e c t i o n  of t h e  i n i t i a l  heading, 
and i t s  y-axis po in t ing  t o  t h e  r i g h t .  The switching l i n e s  i n  t h i s  c o n t r o l  
l a w  a r e  t h e  x-axis and two c i r c l e s  with u n i t  r a d i i  and cen te s s  a t  (O,-l) and 
(0,l). T r a j e c t o r i e s  f o r  p o i n t s  on t h e  negat ive x-axis can be taken as e i t h e r  
LS o r  RS with no change i n  pa th  l eng ih ;  they are a r b i t r a r i l y  made R S .  ExamDle 
t r a j e c t o r i e s  f o r  four  f i n a l  p o i n t s  are shown i n  f i g u r e  1 5 ( b ) .  
Equations f o r  t h e  pa th  l eng th  and t u r n i n g  angles ,  and t h e  flow cha r t  f o r  
t r a j e c t o r y  s y n t h e s i s ,  are determined next .  Symmetry i n  t h e  c o n t r o l  l a w  
reduces t h e  complexity of  t h e  t r a < j e c t o r yconstants  and algorithm. Only t h e  
p o s i t i v e  y-plane need be considered, s i n c e  t r a c j e c t o r i e s  f o r  t h e  negat ive 
y-plane can be obtained by r e f l e c t i o n  about t h e  x-axis.  Then t h e  switching 
l o g i c  need only determine whether a f i n a l  Doint i s  i n s i d e  or ou t s ide  t h e  u n i t  
c i r c l e  a t  (0,1),and t h e  pa th  l eng th  and t u r n i n g  angle equations a r e  easi ly  
der ived by simple tr igonometry.  Table 6 summarizes t h e  equations and t h e i r  
region of  v a l i d i t y ;  Qi denotes t h e  angle i n  t h e  i n i t i a l  t u r n ,  J,f t h e  angle 
i n  t h e  f i n a l  t u r n ,  and R t h e  l eng th  of  t h e  s t r a i g h t - l i n e  segment. (The arc-
tangent i s  an angle J, i n  t h e  range -T < J, < T . )  The flow c h a r t  f o r  tra, jec­
t o r y  s y n t h e s i s ,  shown i n  f i g u r e  16, i s  an imDlementation of f i g u r e  l 5 ( a )  and 
t a b l e  6 .  It has as inpu t s  t h e  x,y coordinates of  t h e  f i n a l  Doint ,  and as 
outputs  t h e  t r a j e c t o r y  p a t t e r n ,  t u r n i n g  ang le s ,  and Dath l eng th .  For purDoses 
of  developing t h i s  flow c h a r t ,  each p a t t e r n  w a s  assigned an i n t e g e r ,  which i s  
represented i n  t h e  cha r t  by t h e  index i,. The correspondence between t h e  
p a t t e r n  types and t h i s  index i s  given i n  t h e  c h a r t .  
T ra j ec to ry  Synthesis f o r  Problem ( d )  
Problem ( d )  i s  t o  make a smooth t r a n s i t i o n  from f l i g h t  along one s t r a i g h t -
l i n e  segment t o  f l i g h t  a long a second, i n t e r s e c t i n g  s t r a i g h t - l i n e  segment. 
The d i s t ance  from t h e  a i r c r a f t  t o  t h e  po in t  of i n t e r s e c t i o n  along t h e  f i r s t  
segment i s  x i ,  and t h e  d i s t a n c e  from t h e  po in t  of i n t e r s e c t i o n  t o  a d e s i r e d  
f i n a l  po in t  on t h e  second segment i s  xf.  Angle I) i s  t h e  heading d i f f e rence  
between t h e  two segments; s i n c e  t h e  segments i n t e r s e c t ,  I) i s  n e i t h e r  zero nor 
71. 	 To make t h e  t r a n s i t i o n  without overshoot,  t h e  a i r c r a f t  should begin a c i r ­
c u l a r  t u r n  of r ad ius  R a t  a d i s t a n c e  before  t h e  i n t e r s e c t i o n  p o i n t  given by 
23 
2Ad 
When proper account i s  taken of t h e  c i r c u l a r  segment, t h e  t o t a l  pa th  l eng th  
between x i  and xf i s  
RRT = xi + xf - 2R t a n  M + M  (37)2 
CONTROLLED TIME OF ARRIVAL AND VERTICAL GUIDANCE 
The problem o f  achieving p r e c i s e  a r r i v a l  t i m e  of  an a i r c r a f t  a t  some 
po in t  on t h e  f i n a l  approach or any o the r  s p e c i f i e d  p o i n t  of t h e  approach r o u t e  
gene ra l ly  c o n s i s t s  of s e l e c t i n g  both a speed p r o f i l e  and a h o r i z o n t a l  tra, jec­
t o r y  of appropr i a t e  l eng th  such t h a t  t h e  a i r c ra f t ' ,  s t a r t i n g  with i n i t i a l  sneed 
Vo arrives a t  t h e  end po in t  with speed Vf i n  t h e  t i m e  i n t e r v a l  t .  A s  
explained ea r l i e r ,  w e  f i r s t  at tempt  t o  achieve t h e  d e s i r e d  arr ival  t i m e  with 
speed c o n t r o l  a lone ,  assuming t h a t  t h e  h o r i z o n t a l  t r a , j e c t o r y ,  and t h e r e f o r e  
t h e  pa th  l e n g t h ,  i s  f ixed .  If it i s  found t h a t  speed c o n t r o l  cannot achieve 
t h e  des i r ed  a r r i v a l  t i m e  because t h e  a i r c r a f t ' s  performance c a p a b i l i t i e s  a r e  
exceeded, t h e  path l eng th  w i l l  be modified as r equ i r ed  t o  con t ro l  t h e  arr ival  
t ime. So lu t ion  of  t h e  c o n t r o l l e d  time of arr ival  problem t h e r e f o r e  involves  
two algori thms,  one t o  s e l e c t  t h e  speed p r o f i l e ,  assuming a f i x e d  l eng th  of 
t r a j e c t o r y  t o  t h e  f i n a l  p o i n t ,  t h e  o the r  t o  change t h e  l eng th  of t h e  t ra , jec­
t o r y  by an appropriate  amount. 
Speed Control 
The problem of speed p r o f i l e  s e l e c t i o n  i s  considered f i r s t .  The t ime t o  
t h e  f i n a l  p o i n t  and t h e  length of t h e  pa th  are denoted by t and L ,  respec­
t i v e l y .  I n  add i t ion  t o  beginning with Vo and ending with V f ,  t h e  speed V 
along t h e  p r o f i l e  must a t  a l l  t imes obey the  c o n s t r a i n t  Vmin I V I Vma,. 
Speed changes are made by constant  a c c e l e r a t i o n  A, (numerically n o s i t i v e )  or 
constant  dece le ra t ion  Ad (numerically n e g a t i v e ) .  These s i x  q u a n t i t i e s ,  t ,  L ,  
V m i n ,  Vmax, A,, and Ad, a r e  t r e a t e d  as parameters i n  developing l o g i c  f o r  
speed p r o f i l e  s e l e c t i o n .  The speed n r o f i l e  c o n s i s t s  of  a maximum of  t h r e e  
segments: an a c c e l e r a t i o n  or dece le ra t ion  segmew s t a r t i n g  a t  Vo, a constant  
speed segment, and another a c c e l e r a t i o n  o r  dece le ra t ion  segment ending a t  Vf. 
Unless one or more of  t h e  segments has zero t ime dura t ion ,  t h e  three segments 
can be arranged t o  y i e l d  four  poss ib l e  speed p r o f i l e s .  The p r o f i l e  t o  be 
used i s  s e l e c t e d  by comparing t h e  path l eng th  L with two d i s t a n c e s ,  L1 and 
L, : 
( V f  - Vo)2 
V0 I V, ( 3 8 )  
V t -
L1 -it+ (Vf  - a v 0 12 v 0 2 Vf ( 3 9 )f 
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where L1 i s  t h e  m i n i m u m ,  and L2 t h e  maximum d i s t ance  t o  f l y  i n  i n t e r v a l  t 
when speed i s  between Vo and Vf .  The r e l a t i o n  between t h e  r equ i r ed  speed 
p r o f i l e  and t h e  d i s t ances  L1 and L2 i s  shown i n  f i g u r e  17,where Vn i s  t h e  
a i r c r a f t  speed i n  t h e  constant-speed segment. The d i s t ances  L1 and L2 are 
represented by t h e  shaded areas of t h e  speed p r o f i l e s  i n  t h e  lef t -hand column 
of f i g u r e  17.  The p r o f i l e s  t o  be  used are i n  t h e  right-hand column. The 
r equ i r ed  p r o f i l e s  are s e l e c t e d  by comparing t h e  shaded areas of lef t -hand 
column p r o f i l e s  with t h o s e  of t h e  r i g h t .  I f  L < L1, t h e  r equ i r ed  p r o f i l e  
c o n s i s t s  of d e c e l e r a t i o n ,  constant  speed, and a c c e l e r a t i o n ;  i f  L > L 2 ,  t h e  
r equ i r ed  p r o f i l e  c o n s i s t s  of a c c e l e r a t i o n ,  constant  speed, and dece le ra t ion .  
For L1 5 L 5 L 2 ,  t h e  r equ i r ed  p r o f i l e  c o n s i s t s  of  d e c e l e r a t i o n ,  constant  
speed, and dece le ra t ion  segments i f  Vo > Vf, or of  a c c e l e r a t i o n ,  constant  
speed, and a c c e l e r a t i o n  segments i f  Vo < V f .  
The " p r o f i l e  constants"  a r e  t h e  second-segment speed Vn,  s t a r t i n g  t ime 
t l  and ending time t 2 .  With permissible  a c c e l e r a t i o n  (or d e c e l e r a t i o n )  o f  
a1 i n  t h e  f i r s t  segment and a3 i n  t h e  t h i r d  segment, Vn i s  computed by 
equat ing L with t h e  a r e a  under t h e  speed-history curve: 
( vn .- V o ) 2  + 
(vn - V f ) 2  
L = V t ­
n 2a1 2a3 
Equation (42) i s  quadra t i c  i n  Vn and can be  exnressed as 
2a3 2a l  (43) 
Afte r  so lv ing  f o r  Vn ,  t h e  remaining p r o f i l e  constants  t l  and t 2  a r e  
The p r o f i l e  i s  phys ica l ly  meaningful only i f  t l  5 t 2 ;  i f  t l  > t 2 ,  t h e  
f i n a l  t i m e  must be  changed. The p r o f i l e  degenerates t o  two segments i f  
Vn = Vo or Vn = V f ,  or t o  one segment i f  Vo = V f .  
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The f i n a l  s t e p  i s  t o  compare Vn w i t h  V ~ nand V,,. If 
Vmin S Vn S V-, t h e  p r o f i l e  i s  v a l i d .  I f  Vn > Vmax, t h e  t i m e  permit ted t o  
t h e  f i n a l  p o i n t  must be increased.  If Vn < V d n y  t h e  pa th  l eng th  m u s t  be 
increased.  
Path S t r e t c h i n g  
This s e c t i o n  considers  a technique f o r  i n c r e a s i n g  t h e  pa th  l eng th .  Path 
s t r e t c h i n g  i s  app l i ed  only t o  t h e  s t r a i g h t - l i n e  p o r t i o n s  of  t h e  t r a , j ec to ry .  
Any technique f o r  p a t h  s t r e t c h i n g  must provide f o r  continuous inc reases  i n  
pa th  l e n g t h ,  so  t h a t  t h e  d i f f e rence  between t h e  l eng th  o f  t h e  s t r e t c h e d  pa th  
and t h a t  of t h e  uns t r e t ched  path can range from zero t o  any d e s i r a b l e  number. 
The proposed technique provides f o r  t h i s  t y p e  of  c o n t i n u i t y  when t h e  d i s t ance  
between t h e  i n i t i a l  and f i n a l  p o i n t  i s  g r e a t e r  t han  fou r  t u r n i n g  r a d i i .  When 
t h i s  d i s t ance  i s  less than fou r  t u r n i n g  r a d i i ,  a continuous range of s t r e t c h e d  
pa th  l eng th  i s  no t  always poss ib l e .  
The p a t t e r n s  f o r  t h e  s t r e t c h e d  pa th  c o n s i s t  of c i r c u l a r  a r c s  and l i n e  
segments. Although d i f f e r e n t  r a d i i  m a y  be  used f o r  d i f f e r e n t  a r c s  without 
introducing any complexity i n t o  t h e  pa th - s t r e t ch ing  algori thm, t h e  r a d i i  of  
a l l  a r c s  i n  a p a t t e r n  are assumed t o  be  t h e  same t o  s i m p l i e  p r e sen ta t ion  of 
t h e  technique. 
Pa th - s t r e t ch ing  p a t t e r n s  are generated by t h r e e  c i r c l e s  connected by tan­
gent l i n e s  as shown i n  f i g u r e  1 8 ( a ) ,  t o  form a pa th  confluent  with t h e  
unstretched pa th  a t  t h e  i n i t i a l  and f i n a l  p o i n t s .  Two of  t h e  c i r c l e s ,  C 1  and 
C 2 ,  are f ixed  and tangent  t o  t h e  unstretched pa th  at Po and P f ,  r e s p e c t i v e l y .  
The t h i r d  c i r c l e ,  C 3 ,  moves t o  generate  d i f f e r e n t  pa th  l eng ths .  The cen te r  of 
t h e  t h i r d  c i r c l e  i s  r e s t r i c t e d  t o  move along a curve c o n s i s t i n g  f irst  of a goo 
a r c  wi th  a two-unit r ad ius  and then of  a h a l f  l i n e ,  as shown i n  f i g u r e  19. 
The p a t t e r n  i s  completed by connecting t h e  t h r e e  c i r c l e s  w i th  t h e  appropriate  
tangent  l i n e s .  
If t h e  cen te r  of C 3  l i e s  on t h e  h a l f - l i n e  po r t ion  of t h e  curve,  t h e  pat­
t e r n  cons i s t s  of  f ive segments and i s  "nondegenerate ." Otherwise , t h e  p a t t e r n  
contains  fewer segments and i s  "degenerate. 'I The nondegenerate p a t t e r n  i s  
used most o f t e n  because it provides a l a r g e  range of  pa th  l eng th .  Figure 18 
shows t h e  four p a t t e r n s  generated by p l ac ing  t h e  c e n t e r  of  C 3  a t  po in t s  PA,
PB, Pc,  and PD of  f i g u r e  19. A s  t h e  c e n t e r  of  C 3  moves along t h e  locus of  
cen te r s  from PA, t h e  d i f f e r e n c e  between t h e  s t r e t c h e d  and t h e  unstretched 
pa th  l eng th  inc reases  monotonically from zero t o  any p o s i t i v e  number. Since 
t h e  d i s t ance  between Po and Pf i s  not  less than  fou r  r a d i i ,  c i r c l e s  C l ,  C 2 ,  
and C 3  cannot i n t e r s e c t .  A t  worst ,  C 3  i s  tangent  t o  C 1  and C2; t hus  t h e  
tangents  r equ i r ed  t o  complete t h e  p a t t e r n  can always be constructed.  
The r e l a t i o n s h i p  between t h e  d i r e c t  path l eng th  La ( t h e  d i s t ance  between 
Po and P f )  and t h e  s t re tched-path l eng th  Ls i s  p l o t t e d  i n  f i g u r e  20. The 
l o c a t i o n  of the  c e n t e r  of  c i r c l e  C 3  on t h e  locus of  cen te r s  ( f i g .  19) i s  a 
parameter. Between PA and Pc , t h e  parameter i s  8, ; beyond Pc , t h e  param­
eter  i s  t h e  perpendicular  d i s t ance  *c 3 between t h e  cen te r  o f  C 3  and t h e  l i n e  
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connecting C 1  and C2 i n  u n i t s  of  t u r n i n g  rad i i .  For any f i x e d  value of La 
i n  t h e  i n t e r v a l  o f  [4 ,  -1, t h e  value of Ls i nc reases  continuously as Cg 
moves along t h e  locus o f  cen te r s  s t a r t i n g  from po in t  PA. Moreover, it can be 
concluded from t h e  c h a r a c t e r i s t i c s  of t h e s e  curves t h a t  f o r  any given combina­
t i o n  of values  of  (La, L 1, where Ld [ 4 ,  m) and Ls 2 La,  a unique curve 
i n t e r s e c t s  p o i n t  (La ,  LsT. The parameter value t h a t  generates  t h a t  i n t e r s e c t ­
i n g  curve de f ines  the  s o l u t i o n  of  t h e  pa th - s t r e t ch ing  Droblem. The equation 
f o r  t h e  unknown value of  the  parameter i s  nonl inear  i n  t h e  parameter and can 
be solved by known techniques;  it is  der ived i n  t h e  appendix. 
Algorithm f o r  Control led T ime  of  Arrival 
The algori thm f o r  syn thes i z ing  c o n t r o l l e d  t ime-of-arrival p r o f i l e  con­
sists of speed-control,  pa th - s t r e t ch ing ,  and decis ion l o g i c  ( f i g .  21 ) .  The 
p r o f i l e  i s  synthesized i n  t h r e e  s t e p s :  
(1)Determine b i n  and bax,t h e  minimum and maximum d i s t ances  t h e  air­
c r a f t  i s  capable o f  t r a v e r s i n g ,  f o r  t h e  given vo, v f ,  A,, A d ,  Vmm, Vmin, and 
t .  
( 2 )  Determine i f  L i s  wi th in  t h e  range of  [ b i n ,  hax],( a )  i f  
L < &in,s t r e t c h  t h e  pa th  l eng th  t o  Ls s o  t h a t  &in < Ls < hax and 
proceed t o  s t e p  3,  (b) i f  L > ha,r e t u r n  message s t a t i n g  t h a t  t h e  given 
t i m e  t i s  t o o  s h o r t  f o r  t h e  a i r c r a f t  t o  t r a v e r s e  the  given d i s t ance  L ,  ( c )  
i f  &inI L -< hax,proceed t o  s t e p  3. 
( 3 )  Determine t h e  p r o f i l e  p a t t e r n  and compute p r o f i l e  constants  Vn,  t l ,  
and t 2 .  
The d i s t ances  k a x  and &in correspond t o  t h e  a reas  under speed-profi le  
curves whose constant-speed segments a r e  flown a t  Vmx and Vmin, and a r e  com­
puted by s u b s t i t u t i n g  t h e  speed and a c c e l e r a t i o n  l i m i t s  i n t o  equation ( 4 2 ) :  
- V o ) 2  ( v  - V f ) 2  
Lmax - ( 'max + 
max 
'maxt - 2Aa 2Ad 
- vo)2 Wmin - Vf" 
Lmin 	 Vmint  - ('min + 
2Ad 2Aa 
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When t is  t o o  shor t  for t h e  a i r c r a f t  t o  acce lera te  t o  V,, at A,, t h e  
corresponding maximum-distance p r o f i l e  cons is t s  of two segments : an accelera­
t i o n  segment from v0 t o  vUp (<vmaX) , and a dece lera t ion  segment from Vup t o  
Vf. The upper speed, Vup, i s  computed by equating t h e  sum of t h e  time dura­
t i o n  of t he  two segments t o  t :  
Upon rearranging terms, 
v
UP 
= 1 a 1 (48)I
- + - I 
The area  under t h e  curve i s  
max = Votl + vup -2 vo t l  + V f ( t  - t l )  + vuP -2 vf ( t  - t l )  (49) 
Similar ly  , t he  minimum-distance p r o f i l e  for s m a l l  t cons is t s  of two 
segments: a decelerat ion segment from Vo t o  V, ( a  speed g rea t e r  than V d n ) ,  
and an accelerat ion segment from V, t o  Vf. For V,, 
Upon rearranging terms, 
V vfp$+q- t  
-
1 1
vI1 - - + -
The area  under the  curve i s  
(52)  
(vo - v,)2 (v, - V f ) 2  
= V R t  + Tqr+ 2Aa (53) 
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- 
Second, a comparison i s  performed t o  a s c e r t a i n  t h a t  t h e  con t ro l l ed  t i m e  of 
arrival can be  accomplished by speed con t ro l  a lone.  If n o t ,  then t h e  given 
nominal path length  L i s  increased  t o  Ls by pa th  s t r e t c h i n g  as s p e c i f i e d  
by k :  
Ls kLmm + (1- k)Lmin ( 5 4 )  
where 0 < k < 1. Third,  t h e  pa th  length  L (or Ls)  i s  compared with L 1  and 
L2 t o  determine t h e  p a t t e r n  f o r  t h e  speed p r o f i l e ,  and the  t r a j e c t o r y  con­
stants a r e  computed by equat ions (431, (44), and (45). 
Time Reference 
In  t h e  control led- t ime-of-arr ival  problem, time-to-go is an important 
va r i ab le  t o  p i l o t  and a i r - t r a f f i c  c o n t r o l l e r .  A s  a r r i v a l  t i m e  approaches , a i r  
t r a f f i c  con t ro l  must know by how much t h i s  t ime can s t i l l  be  changed. The 
e a r l i e s t  a r r i v a l  time &in and t h e  l a t e s t  a r r i v a l  t ime tmaxachievable  by 
speed con t ro l  a lone a r e  
'Vmax - V o ) 2  (Vmm - Vf)2
+ 
. ..­
tmin 
2Aa. 
'max 
'/*dl ( 5 5 )  
- U a .~. 
tmax 'min 
These t imes could be  used as dec is ion  va r i ab le s  in s t ead  of baxand hin i n  
t h e  algorithm. If t < tmin,t h e  t r a j e c t o r y  i s  beyond t h e  a i r c r a f t ' s  capabi l ­
i t y .  If binI t I Lax,t h e  con t ro l l ed  t ime of a r r i v a l  can be accomplished 
by speed con t ro l  a lone ,  bu t  i f  t > tm,, path  s t r e t c h i n g  i s  a l s o  requi red .  
V e r t i c a l  Guidance 
C r i t e r i a  f o r  generat ing t h e  v e r t i c a l  p r o f i l e  were descr ibed e a r l i e r .  The 
v e r t i c a l  p r o f i l e  i s  def ined by t h e  t ime t o  begin descent t o  t h e  des i r ed  f i n a l  
a l t i t u d e .  This time i s  ca l cu la t ed  by sub t r ac t ing  from t h e  s p e c i f i e d  a r r i v a l  
t ime,  t ,  t h e  t ime i n t e r v a l s  requi red  t o  change t h e  approach speed t o  t h e  spec­
i f i e d  f i n a l  speed i n  l e v e l  f l i g h t ,  and t o  change t h e  c r u i s e  a l t i t u d e  t o  t h e  
f i n a l  a l t i t u d e .  The f i r s t  t i m e  i n t e r v a l  i s  p r o f i l e  constant  t 2 ,  a v a i l a b l e  
from t h e  a l ready  ca l cu la t ed  speed-time h i s t o r y ,  and t h e  second i n t e r v a l  i s  
given by (he - h f ) / h .  
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This sec t ion  has developed procedures f o r  synthes iz ing  speed Bro f i l e s  t o  
achieve s p e c i f i e d  a r r i v a l  t i m e s  a t  s p e c i f i e d  po in t s  on t h e  approach p a t h ,  and 
for modifying t h e  length  of t h e  approach pa th  i f  t h e  speed p r o f i l e  requi red  
f o r  a s p e c i f i e d  a r r i v a l  t i m e  i s  ou t s ide  t h e  a i r c r a f t ' s  performance envelope. 
A simple technique f o r  v e r t i c a l  guidance was a l s o  descr ibed.  The s i m p l i c i t y  
of t h e  technique r e s u l t e d  from t h e  use of  parameters a l ready  ca l cu la t ed  i n  t h e  
syn thes i s  of h o r i z o n t a l  and a i r speed  p r o f i l e s .  The synthes is  algorithms d is ­
cussed i n  t h i s  and t h e  previous sec t ions  are i l l u s t r a t e d  i n  t h e  next s e c t i o n  
by an example. 
OVERALL FLIGHT PROFILE SYNTHESIS - AN EXAMPLE 
A numerical example w i l l  be  used t o  i l l u s t r a t e  how a complete, th ree-
dimensional t r a j e c t o r y  with t ime cons t r a in t s  may be synthesized by applying 
t h e  techniques developed f o r  ho r i zon ta l  guidance, con t ro l l ed  t ime of a r r i v a l ,  
and v e r t i c a l  guidance. It i s  assumed t h a t  an a i r c r a f t  has reached t h e  l as t  
waypoint before  t h e  ou te r  marker. Wind v e l o c i t y  i s  assumed t o  be zero. I f  it 
i s  n o t ,  t h e  t r a j e c t o r y  t o  be synthesized must be  modified somewhat t o  account 
f o r  t h e  wind v e l o c i t y .  
Problem Descript ion 
Consider an a i r c r a f t  whose cur ren t  p o s i t i o n  i s  21.8 km (13.56 mi l e s )  from 
t h e  OM at an azimuth of 292'. It has a heading of 216O , an a l t i t u d e  of 
1520 m (5000 ft), and a speed of  149.6 m/sec (290 knots  ) . The f l i g h t  p r o f i l e  
t o  be synthesized must guide t h e  a i r c r a f t  t o  a r r i v e  at t h e  OM s i x  minutes 
l a t e r ,  a l igned  with t h e  runway a t  a f i n a l  a l t i t u d e  of  456 m (1500 ft) and a 
f i n a l  speed of 67 m/sec (130 k n o t s ) .  The acce le ra t ion  and dece lera t ion  capa­
b i l i t y  of t h e  a i r c r a f t  i s  0.61 m/sec2 ( 2  f t / s e c 2 )  , and t h e  maximum and minimum 
speeds of t h e  a i r c r a f t  a r e  154 .5  m/sec (300 kno t s )  and 67 m/sec (130 k n o t s ) .  
The s ink  r a t e  ( r a t e  of change of a l t i t u d e )  i s  305 m/min (1000 f t l m i n ) .  The 
a i r c r a f t  must maintain c r u i s e  a l t i t u d e  (1520 m i n  t h i s  case)  as long as possi­
b l e ,  descend a t  constant  speed, and hold a l t i t u d e  during speed changes. A 
m i n i m u m  tu rn ing  rad ius  of 6.45 km ( 4  mi l e s )  i s  used during ho r i zon ta l  maneu­
ve r s .  The condi t ions and cons t r a in t s  f o r  t h i s  example a r e  summarized i n  
f i g u r e  22. 
A s  ou t l i ned  e a r l i e r ,  t h e  complete p r o f i l e  of  t h e  a i r c r a f t ' s  t ime-posit ion 
r e l a t i o n s h i p  i s  synthes ized  i n  t h r e e  sequen t i a l  s t e p s :  ho r i zon ta l  guidance, 
con t ro l l ed  time of a r r i v a l ,  and v e r t i c a l  guidance. Each subproblem and i t s  
methods of so lu t ion  a r e  discussed sepa ra t e ly .  Af t e r  t h e  complete p r o f i l e  i s  
solved,  it i s  summarized as a command sequence, which gives t h e  o rde r ,  i n i t i a ­
t i o n  t imes ,  and te rmina t ion  t imes of commands r equ i r ed  t o  f l y  t h e  p r o f i l e .  
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Hori zont a1 Guidance 
From t h e  desc r ip t ion  of  t h e  example, t h e  h o r i z o n t a l  guidance problem i s  
c l a s sed  as problem ( a ) ,  and s t e p s  f o r  syn thes i s  a r e :  (1)compute p a t t e r n  
parameters ,  ( 2 )  determine t h e  f l i g h t  p a t t e r n ,  and (3 )  compute tu rn ing  ang le s ,  
l i n e a r  pa th  l e n g t h ,  and t o t a l  pa th  length .  
F i r s t ,  t h e  p a t t e r n  parameters do and df a r e  computed using equat ions 
( 2 )  and (3): 
- YO 
’ ‘ o  - R s i n  a = 5.32 
X 

YO
-O +  
R t a n a  = -5.6R 
The heading of  216O, converted t o  modulus 180°, i s  -144O. Since it i s  nega­
t i v e ,  a r e f l e c t i o n  about t h e  do axis  i s  requi red  f o r  p a t t e r n  determinat ion:  
=~ , r  -J, = 144O. 
Second, t h e  f l i g h t  p a t t e r n  i s  determined by comparing do and d with 
t h e  appropr ia te  switching po in t s  i n  t h e  switching diagram ( f i g .  8 ( c ) f .  Com­
par ing  d, with  do;, where t h e  value of do; i s  computed by equat ions l i s t e d  
i n  t a b l e  3: 
d + =  + = 3.73 
OCL rs i n  J, t a n  J , ~  
s o  do > d +. The value of df i s  then  compared with d
f Y
+ where 
OCL 
= -2.43
s i n  J,r 
s o  t h a t  d < d +. These i n e q u a l i t i e s  e s t a b l i s h  t h a t  t h e  f l i g h t  p a t t e r n  i s  
f f Y  
RSR and t h a t  t h e  r e f l e c t e d  f l i g h t  p a t t e r n  i s  t h e r e f o r e  LSL. 
Thi rd ,  t h e  tu rn ing  ang le s ,  curved path l eng th ,  l i n e a r  path l e n g t h ,  and 
t o t a l  pa th  l eng th  a r e  computed by t h e  equat ions f o r  t h e  LSL p a t t e r n  i n  t a b l e  
4: 

Pip2 = i ( x - + - R  s i n  $)2 + ( R  - R cos $ + y ) 2  = 9.65 km ( 6  mi l e s )
0 0 
-R + R COS J, -
J,S = t an- l  (4)R s i n  $J = 118O 
Jli = J, - J,, + 360° = 98O 
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POPl = 980 1806’45 ‘= 11 km (6.84 mi l e s )  
JI, = J I ~= 1 1 8 O  
118 x 6.45 x T = 13.25 km (8.24 mi l e s )P2Pf = 180 
n - n  
L = P PI + ~ 1 + ~p2pf2 = 34 km (21.1 mi l e s )
0 
This concludes t h e  computation of t h e  ho r i zon ta l  t r a j e c t o r y .  
Control led Time of  Arrival 
The numerical i npu t s  f o r  t h i s  problem a r e  those  s p e c i f i e d  i n  f i g u r e  22, 
with t h e  addi t ion  of t h e  pa th  l eng th ,  34 lun (21 .1  mi l e s )  , obtained i n  t h e  
preceding sec t ion .  
The l o g i c a l  path t r a c e d  i n  synthes iz ing  t h e  speed p r o f i l e  i s  shown wi th  
heavy l i n e s  i n  f i g u r e  23. A t  node Lh, t h e  t ime i n t e r v a l ,  A t 2 ,  f o r  t h e  maximum 
dis tance  p r o f i l e  i s  computed t o  be 208.1 seconds. Since A t 2  i s  p o s i t i v e ,  t h e  
maximum dis tance  p r o f i l e  cons i s t s  of t h r e e  segments. Next, &ax, t h e  d i s t ance  
corresponding t o  t h i s  p r o f i l e ,  i s  computed before  node A : 
- v0 ) 2  cvmax - V f ) 2
L = 
max 
= 49.1 km (30.5 miles) 
2Aa 
Since t h e  given d is tance  L f o r  t h i s  problem (34 km) i s  less than  ha,, t h e  
p r o f i l e  synthesized i s  wi th in  t h e  a i r c r a f t ’ s  c a p a b i l i t y .  
S imi l a r ly ,  at node , A t 2  for t h e  minimum dis tance  p r o f i l e  i s  computed 
t o  be 225 seconds. The p o s i t i v e  value for A t 2  implies  t h a t  t h e  m i n i m u m  dis­
tance p r o f i l e  contains  a constant  speed segment. Before node , t h e  d is ­
tance corresponding t o  t h i s  p r o f i l e  i s  computed and then  compared with L:  
= 29.6 km (18.4 mi l e s )  
Since L i s  g r e a t e r  than  &in,path s t r e t c h i n g  i s  not  necessary.  
Two f u r t h e r  comparison tests e s t a b l i s h  a three-segment p r o f i l e  p a t t e r n  of 
dece lera t ion /cons tan t  speed/decelerat ion.  A t  node , t h e  speed f o r  t h e  
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constant-speed segment i s  computed by 'solving f o r  Vn i n  equat ion ( 4 3 ) :  
'n = 86 m/sec (167 kno t s )  
F i n a l l y ,  t h e  values  of t l  and t 2 ,  t h e  t i m e  i n s t a n t s  corresponding t o  a change 
from dece le ra t ion  t o  constant  speed and from constant  speed back t o  decelera­
t i o n ,  are computed by s u b s t i t u t i n g  numerical values  i n t o  equations ( 4 4 )  and 
(45)  : 
t l  = 
- ',/ = 103.6 s e c/yo Ad 
This concludes t h e  syn thes i s  of the  speed p r o f i l e .  
V e r t  ica1 Guidance 
The time dura t ion ,  Ath, r equ i r ed  t o  descend from a c r u i s i n g  a l t i t u d e  of 
1520 m (5000 f t )  t o  a f i n a l  a l t i t u d e  of 456 m (1500 f t )  a t  a s ink  rate of 
305 m/min (1000 f t /min )  i s  
Ath 30 -5456 = 3.5 min = 210 s e c  
Since t h e  a i r c r a f t  i s  permit ted t o  descend only when the speed i s  cons t an t ,  it 
must descend wi th in  t h e  t i m e  i n t e r v a l  
Since t h i s  t ime i n t e r v a l  (226.3 s e c )  i s  g r e a t e r  t han  Ath, the  a i r c r a f t  can 
descend a t  constant  speed. Since t h e  a i rc raf t  i s  a l s o  r equ i r ed  t o  maintain 
c r u i s e  a l t i t u d e  as long as p o s s i b l e ,  t h e  a l t i t u d e  change w i l l  take p lace  dur­
ing  t h e  las t  po r t ion  of t h e  constant-speed t i m e  i n t e r v a l ,  from 
t l  = t 2  - hth = 118.6 s e c  t o  t 2 .  
Overa l l  Command P r o f i l e  
The o v e r a l l  command p r o f i l e  expresses t h e  h o r i z o n t a l  guidance, con t ro l l ed  
t i m e  of a r r i v a l ,  and a l t i t u d e  p r o f i l e  i n  a t i m e  sequence. The t ime f o r  ter­
mination of  t h e  f i r s t  l e f t  t u r n ,  tpl, determined by the  t i m e  r equ i r ed  t o  
n 
t r a v e r s e  the a r c  l eng th  POPI: 
A 
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(An a d d i t i o n a l  equat ion i s  r equ i r ed  if & i s  zero over  a segment of t h e  
t u r n . )  S u b s t i t u t i n g  t h e  known numerical values i n t o  th i s  equation gives the 
value of  90.53 seconds f o r  t p l .  
The t i m e  f o r  i n i t i a t i o n  of  t h e  second l e f t  t u r n ,  t p 2 ,  i s  computed nex t .  
The d i s t ance  t r a v e r s e d  while  t h e  a i r c r a f t  i s  d e c e l e r a t i n g  from Vn t o  V f ,  R s 2 ,
i s  t h e  area under t h e  las t  segment of  t h e  speed p r o f i l e  curve: 
R 
s 2  
= V,(t, - t 2 )  + -2 
1 (tf - t2"vn - V f )  
S u b s t i t u t i n g  t h e  known constants  gives a value of  2.4 km (1.49 m i l e s )  f o r  
ES2. Comparing t h e  numerical value o f  w i th  t h e  a r c  l eng th  
R s 2  h
P 3 f  = 13.25 km (8.24 m i l e s )  shows t h a t  tP2occurs i n  t h e  a r c  P2Pf. Then 
tP2 
i s  computed by s u b t r a c t i n g  t h e  t ime t o  f l y  t h e  constant-speed segment of 
t h e  a r c  P 2 f  from t 2 :  
h
P2Pf - R 
5 2  
tp2= t 2  ­
'n 
= 202.23 seconds 
A complete command p r o f i l e  can now be  constructed from a t i m e  h i s t o r y  of t h e  
t h r e e  p r o f i l e s .  Figure 24 i s  a complete p r o f i l e  of  t h e  o v e r a l l  t r a , j ec to ry .  
Figure 25 i s  t h e  corresponding h o r i z o n t a l  t r a j e c t o r y  wi th  p o i n t s  Po,PI,P2, 
Pg , P4, P5, and Pf marked t o  i n d i c a t e  the beginning or terminat ion of  com­
mands and t h e  t imes at which they  occur.  Table 7 summarizes t h e  e n t i r e  com­
mand sequence. If a ground-based computer performs t h e  t r a , j ec to ry  s y n t h e s i s ,  
table 7 gives t h e  e s s e n t i a l  information t h e  on-board guidance system must 
r ece ive  t o  f l y  t h e  t r a j e c t o r y .  
CONCLUSIONS 

The technique developed i n  t h i s  r e p o r t  for automating terminal-area 
guidance, when properly implemented, enables an a i r c r a f t  t o  f l y  from a given 
i n i t i a l  p o s i t i o n ,  a l t i t u d e ,  heading, and a i r s p e e d  t o  a s p e c i f i e d  f i n a l  Dosi­
t i o n ,  a l t i t u d e ,  heading, and a i r speed  i n  a p resc r ibed  t i m e .  The technique i s  
based on t h e  formulation of  a c l a s s  of  p r i n c i p a l  subproblems i n  terms of  which 
any f l i g h t  p r o f i l e  can be expressed from t akeof f  t o  landing. The req-uired 
subproblems a r e  e s t a b l i s h e d  by a s tudy of  a i r - t r a f f i c  c o n t r o l  procedures,  
instrument-f l ight  maneuvers, and terminal-area r o u t e  s t r u c t u r e s .  They a r e  : 
(1)Horizontal  guidance: ( a )  Guiding an a i r c r a f t  from any i n i t i a l  posi­
t i o n  and heading t o  a s p e c i f i e d  f i n a l  p o s i t i o n  and heading, (b) guiding an 
a i r c r a f t  from any i n i t i a l  p o s i t i o n  and heading onto a s t r a i g h t  l i n e  of speci­
f i e d  l o c a t i o n  and heading, ( c )  guiding an a i r c r a f t  from any i n i t i a l  p o s i t i o n  
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and heading t o  a s p e c i f i e d  f i n a l  p o s i t i o n ,  and ( d )  guiding an a i r c r a f t  
smoothly from one s t r a i g h t  l i n e  onto another  i n t e r s e c t i n g  s t r a i g h t  l i n e .  
( 2 )  Control led t i m e  o f  arrival:  Guiding an a i r c r a f t  (a long t h e  pre­
s e l e c t e d  h o r i z o n t a l  t r a j e c t o r y )  from an i n i t i a l  a i r s p e e d  t o  a s p e c i f i e d  f i n a l  
speed i n  a s p e c i f i e d  t i m e  i n t e r v a l .  
( 3 )  V e r t i c a l  guidance: Guiding an a i r c r a f t  (a long t h e  p re se l ec t ed  ho r i ­
z o n t a l  t r a j e c t o r y  and speed p r o f i l e )  from an i n i t i a l  a l t i t u d e  t o  a s p e c i f i e d  
f i n a l  a l t i t u d e .  
The c r i t e r i o n  used f o r  s e l e c t i o n  of t h e  h o r i z o n t a l  t r a j e c t o r y  i s  t o  mini­
mize t h e  t o t a l  pa th  l eng th  s u b j e c t  t o  t h e  c o n s t r a i n t  imposed by a minimum 
t u r n i n g  r ad ius .  The h o r i z o n t a l  t r a j e c t o r y  c o n s i s t s  of a r c s  of  c i r c l e s  and 
segments o f  s t r a i g h t  l i n e s  which form a confluent pa th  connecting t h e  i n i t i a l  
and f i n a l  po in t s .  It i s  synthesized i n  two steps: F i r s t ,  a f l i g h t  p a t t e r n  i s  
assigned,  t hen  a r c  l eng ths  and s t r a i g h t - l i n e  d i s t ances  are computed t o  speciSy 
t h e  h o r i z o n t a l  t r a j e c t o r y  completely. 
For t h e  speed-profi le  s y n t h e s i s ,  the  h o r i z o n t a l  d i s t ance  determined 
a l r eady  i s  compared with the  maximum and minimum d i s t ances  the a i r c r a f t  can 
t r a v e r s e  ( f o r  the  s p e c i f i e d  i n i t i a l  speed, f i n a l  speed, t i m e  of a r r iva l ,  maxi­
mum and minimum allowable speed, and a c c e l e r a t i o n  and dece le ra t ion  c a p a b i l i t v ) .  
If t h e  h o r i z o n t a l  path l eng th  i s  g r e a t e r  than t h e  maximum d i s t a n c e ,  no speed 
p r o f i l e  i s  poss ib l e .  If it i s  between t h e  minimum and maximum d i s t a n c e ,  meed 
v a r i a t i o n  alone can c o n t r o l  t ime of  a r r i v a l .  If it i s  below t h e  minimum dis ­
t a n c e ,  path s t r e t c h i n g  of  t h e  h o r i z o n t a l  t r a j e c t o r y  i s  n e c e s s a m ,  and t h e  con­
t r o l l e d  t i m e  of a r r i v a l  i s  achieved by a combination of speed c o n t r o l  and path 
s t r e t c h i n g  . 
When t h e  h o r i z o n t a l  t r a j e c t o r y  and t h e  speed p r o f i l e  a r e  determined, the  
v e r t i c a l  guidance t r a j e c t o r y  i s  synthesized.  The c r i t e r i o n  f o r  t h i s  syn thes i s  
i s  maintaining c r u i s e  a l t i t u d e  as long as poss ib l e  c o n s i s t e n t  with the speci­
f i e d  descent r a t e  and w i t h  t h e  r equ i r ed  f i n a l  a l t i t u d e .  
A composite command p r o f i l e  i s  generated by superimposing t h e  alreadv 
determined h o r i z o n t a l ,  speed, and v e r t i c a l  p r o f i l e s .  E s s e n t i a l l y ,  t h i s  com­
mand p r o f i l e  i s  a t i m e  h i s t o r y  of commands (such as d e c e l e r a t e ,  t u r n  l e f t ,  and 
descend) t o  be i s s u e d  a t  the  proper t i m e .  This p r o f i l e  can provide automatic 
guidance of  an a i r c r a f t  f o r  t r a n s i t i o n i n g  from any i n i t i a l  s t a t e  t o  any speci­
f i e d  f i n a l  s t a t e ,  where a s ta te  i s  s p e c i f i e d  by t h e  a i r c r a f t  coordinates ,  
a l t i t u d e ,  speed, heading, and the  clock t i m e .  
I n  gene ra l ,  t h e  o v e r a l l  f l i g h t  p r o f i l e  of an a i r c r a f t ,  s t a r t i n g  from 
t akeof f  t o  landing,  may be decomposed i n t o  a sequence of w a p o i n t s .  The 
f l i g h t  p r o f i l e  f o r  each p a i r  of  adjacent  waypoints can r e a d i l y  b e  synthesized 
by applying t h e  var ious guidance problems discussed. Therefore ,  t h e  o v e r a l l  
f l i g h t  p r o f i l e ,  s t a r t i n g  from t akeof f  t o  landing,  may be synthesized by con­
ca tena t ion  of f l i g h t  p r o f i l e s  f o r  consecutive p a i r s  of  waypoints. 
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The advantage of t h i s  technique l i e s  i n  i t s  v e r s a t i l i t y  and ef f ic iency .  
It requires  no precomputation of t r a  ec to r i e s  , and can provide fast , in - f l igh  ; 
changes i n  t r a j e c t o r y - a s  required.  Since t h e  only a i r c r a f t  parameters used i n  
synthesizing t h e  t r a j e c t o r i e s  are performance l i m i t a t i o n s ,  t h e  technique i s  
appl icable  t o  any a i r c r a f t .  F ina l ly ,  by synthesizing t r a j e c t o r i e s  subject  
only t o  a i r c r a f t  performance l imi t a t ions  and ATC cons t r a in t s ,  t h e  technique 
uses a i rspace e f f i c i e n t l y  and therefore  makes poss ib le  reduction of separat ion 
requirements and thus achieves higher landing r a t e s .  
Ames Research Center 
National Aeronautics and Space Administration 
Moffett F i e ld ,  C a l i f . ,  94035, February 11, 1972 
36 

- -  
-- 
- -  
APPENDIX 
COMPUTATION OF PATH LENGTH FOR STRETCHED PATH 
For t h e  coordinate  system used t o  compute t h e  s t re tched-path l e n g t h ,  t h e  
o r i g i n  is+at t h e  cen te r  of  c i r c l e  C1 and t h e  p o s i t i v e  x-axis i s  i n  t h e  d i r ec ­
t i o n  of no; t h e  un i t  o f  d i s t a n c e  i s  t h e  t u r n i n g  r ad ius .  For t h e  nondegener­
ate p a t t e r n  i n  figure 26, t h e  parameter i s  yC3 and t h e  t o t a l  l eng th  of t h e  
s t r e t c h e d  pa th  i s  
where 
el Tr - 2 
PIP2 - yc3 
n Tr 
P2P3 = 2 + X 
- J.; + (Lo  - 212 - 4 
p3p4 3 
n
P4P = x
f 
The angle i s  given by 
Equations ( A 5 1  and ( A 7 )  a r e  der ived by so lv ing  f o r  parts of r i g h t  t r i a n g l e s  
P5C3C2 and C3P3Pc. By adding expressions (A2) through ( A 6 )  w e  ob ta in  t h e  
expression f o r  t h e  t o t a l  pa th  l eng th .  
For t h e  degenerate p a t t e r n  i n  f i g u r e  27, t h e  parameter i s  Bs and t h e  t o t a l  
pa th  l eng th  i s  
(A9 
where 
n
P,P1 = �Is 
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3 
n 
~ 1 = ~es + x 
h
p3p4 = 14 cos2 es + ( L ~- 2 s i n  e s ) 2  - 4 
n 
P4Pf = A 
Solving f o r  p a r t s  of r i g h t  t r i a n g l e s  C3P5C2 and C3P3Pc, 
L - 2 s i n  8 
x = tan-’ 0 2 COS e 
S 
S - cos-1 
J ( L ~  
2 
- 2 s i n  os) ’  + cos e: 
The t o t a l  path l eng th  can then  be w r i t t e n  i n  t e r m s  of A by adding (A10) 
through (A131: 
L 
S 
= 28 
S 
+ 2~ + J4 cos2 e 
S 
+ ( L
0 
- 2 s i n  e s ) 2  - 4 ( A 1 5 1  
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-E-
O 
Class I Brief t i t l e  
Problem ( b )  
Horizontal  Problem ( c )gui dance 
Problem ( d )  
Path 
s t r e t c h i n g  
Speed Controlled 
control  	 time of 
a r r i v a l  
Vert ica1 Descent 
guidance from c r u i s e  
Description 
Fly from any i n i t i a l  n o s i t i o n  
& heading t o  a s p e c i f i e d  
f i n a l  Dosit ion & heading 
Fly from any i n i t i a l  nos i t i on  
& heading onto a l i n e  of 
s p e c i f i e d  loca t ion  & d i r e c t i o n  
Fly from any i n i t i a l  pos i t i on  
& heading t o  a s p e c i f i e d  f i n a l  
pos i t i on  with a r b i t r a r y  f i n a l  
heading 
Transi t ion between i n t e r s e c t ­
ing  s t r a i g h t  l i n e s  
Increase length of f l i g h t  
path by a s p e c i f i e d  amount 
Determine speed p r o f i l e  t o  
achieve s p e c i f i e d  a r r i v a l  
time a t  a s p e c i f i e d  loca t ion  
with s p e c i f i e d  f i n a l  speed 
Determine f l i g h t  path i n  ver­
t i c a l  plane t o  achieve a 
s p e c i f i e d  f i n a l  a l t i t u d e  a t  a 
s p e c i f i e d  p o s i t i o n  
P re fe r r ed  
ODerational cons t r a in t s  synthesis  c r i t e r i o n  
I Minimum Dath length(Maximum bank angle 
Yaximum bank angle 
Yaximum bank angle 
Maximum bank angle 
Maximum bank angle 
Minimum & maximum 
t o  achieve f i n a l  
pos i t i on  & heading 
Minimum path length 
t o  achieve f i n a l  
l i n e  
Minimum path length 
t o  achieve f i n a l  
point  
~ ~~ ~~~~ 
Smooth t r a n s i t i o n ,I minimum overshoot 
Unknown 
Simplici ty  of speed 
sDeed & maximum accel- p r o f i l e  
e r a t i o n  & decelerat ion 
Maximum descent r a t e  	 Maintain c ru i se  
a l t i t u d e  as long as 
poss ib l e  & descend 
at  constant fi 
TABLE 2.- OPTIMAL F L I G H T  PATTERNS FOR MINIMUM-ARC-LENGTH 
HORIZONTAL GUIDPNCE 
-
Additional patterns required 
Patterns used in simplified solution for optimum solution (ref. 9) 
(not used) 
waneuvers* Geometric shape Maneuvers* Geometric shape 
._-
L S  L 
R S R  
PO r - + 4 P f 
L S R  PO 
i,qPf
R S L  
L S  
R S  
S L  
~ 
S R  

L R  
R L  
L 
R 
S 

*Significance of symbols in column 
as follows: 
L - left turn 
S - straight flight 
R - right turn 
Po - initial position 
Pf - final position 
;i3\Pf 
Po -+- Pf 
Po = Pf 
0 
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TABLE 3.- ANALYTICAL EQUATIONS FOR COMPUTING SWITCHING POINTS 
Type of 

switching Equation Domain 

points 1 
d - = -tan($/2)
00 
do$ = tan($/2) 
d - = -(-+ 3 
OCX sin $ -)tan $1 
l dfa = -tan($/2) 
I df$ = tan($/2) 
I 
d
fY 
- = d cos $-sin $- &(do sin $+cos $~+1)~ 
0 
.rl (I]
0 .d
P 2  d cos $+sin $+ &(-a sin $+cos $+112 
' M 
3.d: ctl /, I * + = I  ____ 1 0 , F 5@ fy 
tan $ + -sin $* 
'5 1 r df6 - = d 0 cos $+sin $- &(-do sin $+cos $+112 , r - n  
I df$ 
= d 
0 
cos $-sin $+ ht-(dO sin $+cos $+1)2 
1 
TABLE 4.- TRAJECTORY P A ~ M E T E RFORMULASFOR PROBLEM ( a )  
- +s ' Qi3 $ f ¶I Pat te rn :  p1p2 Y Heading o f  s t ra ight - l ine  I Heading change IHeading change I I 
type Length of s t ra ight - l ine  segment segment 1 i n  i n i t i a l  t u rn  i n  f i n a l  t u rn  I, 
1
R-R COS$-V =RSR , J(x-R sin$)2+(R-R COS$-^)^ arctan -x+R s in$  Qi 
RSL 	 '- 2R where. t a n  $I 
$I =arcsin 
2R -R-R cos$-gl
J (  -x+Rsin$) 2+(R+Rcos$+y) where Ql=arctan -x+R sin$ 
J(x+R s i nQ ) +( R-R c OS Q+Y) arctan -R+R COS$-^ -x-R s i n $  
$1-$l ; $1-$"0 
2R where 
2R 
$ =arcsi n  R+R COSQ-Y 
' I:: I t an  $I 
I(x+Rsin$)2+ (R+Rcos $-y ) 
, 
where $l=arctan -x-R 
r 
W 
I 
TABLE 5 .  - TRAJECTORY CONSTANTS FOR PROBLEM (b) 
Pattern 
type 
LSL 
4Ji= 4J + T / 2  
4Jf = T I 2  
R = d - 1 - cos Q 
4 J i  = cos-I(  I + cos lp - “ I  + Q 
Range of 
turning angles 
O S - Q i S l l  
Qf = 
I 

- -  
TABLE 6.- TRAJECTORY CONSTANTS FOR PROBLEM ( e )  
~~ 
S p e c i f i c a t i o n  of region 
. .  . . i _ _ . .  
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TABLE 7.- OVEFULLL COMMAND PROFILE 

T i m e ,  
Poin t  second Polar  coordinates* Commands 
PO 0 21.8 (13.56), 292 	 Begin lef ' t  t u r n  and 
begin dece le ra t ion  
90.5 
103.6 17.2 (10.58),  263 Hold speed 
118.6 15.95 (9.9), 261 Begin descent 
202.2 11.3 (6.85), 239 Begin l e f t  t u r n  
p 5  328.6 2.38 (1.48), 191 	 Hold a l t i t u d e  and 
begin dece lera t ion  
pf 360 0 0 0 	 Fly s t r a i g h t  and 
ho ld  speed 
"Dista: .ces i n  
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I 
I 
I 
I Oakland 
e 
* 
\ 
1 
5 n mi. f \ 
47 

-- 
-- 
VOR radial or 
localizer center 
(a) 
hC 
t 
Time Altitude 
8 hf8 - I -
Velocity Distance 
(f) (9) 
Figure 2 .- Terminal-area guidance problems. 
48 
Runway 
Af -, 
: axis 
__ 
Pf ' 
y axis 
Figure 3.- P a t t e r n  parameters and coordinate system for problem (a). 
49 
A 
"0: 
d0 
(a) 4 acute 
Figure 4.- Tra j ec to r i e s  and switching p o i n t s  f o r  normal maneuvers. 
50 
,/--\ f '  
A 
"0 
Figure 5.- Switching p o i n t s  f o r  near d i s tance  maneuvers if Po i s  not 
between P - and P + and P l i e s  below P +. 
00 00 fB f a  
51 
(c) Definition of Poh for $ 5n/2 
(d) Definition of Poh for $ 2n/2 

Figure 5 .  - Concluded. 
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(a) Po between PoLvand Po; ;Pf between Pfg and P - and above Pfo 
f7 
-
P-­
00 

(b) Po between Po; and Po;; Pf between P -and P
f7  
- and above Pfo ­fti 
-	_____t 2o 
d0 
(c) Po between Po; d P +; Pf between P + and PQ 
00 f7 
Figure 6.- Switching p o i n t s  and near dis tance t r a j e c t o r i e s  i f  P + l i e s  above 
and Pf l i e s  between Pf3 and P +. fls 
pf?r f Y  
53  
A 
ns 
Figure 7.- Construct ion details for def in ing  the l o c a t i o n s  of P + and P _.
f6 f Y  
54 
4 ~ 2
1 
df 
0 ­
/­
.. . . I 
d k  
__ 
-

-

-3 ­
-4 ­
-5 ­
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 
d0 
(a) J, = 71/4 
Figure 8.- Switching diagram for $I = n/4, J, = 7112, and J, = 3n/4 radians. 
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-1 
-2 
5 
4 
3 

2 
1 
df 
0 

-1 
-2 
-3 

-4 
d ­ou 

I 
I 

d +  
f-Y 
h A A A I
-

\ d - &­fu 
I I I 
-5 -4 -3 -2 -1  0 1 2 3 4 5 
d0 
(b) l4J = d 2  
Figure 8 .- Continued. 
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d -  
---- 
--- 
LS -e-
SL .-.-.-. 
@ RS 
SR 
RL 
LR\ 
Y \p\\ \Ty 
fu
Ir
I 
\ '\ do6 
dot  
\ q7 \--1 \ \ 
df \ 
--2 

--3 
--4 
--5 
--6 

-7 I I I I I ~I I I I I 
-5 -4 -3 -2 -1 0 1 2 3 4 5 6 
dl3 
Figure 8.- Concluded. 
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I 

s -0-
LS-0-
I -.-.-.-.-.-.-
I \ I 

Figure 9.- Switching diagrams f o r  $ = 00 and $ = 1~ radians.  
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.X 
P. 
(a) RSR trajectory 
(b) RSL trajectory 
Figure 10.- Construct ion fo r  c a l c u l a t i n g  p a t h  l eng th  and heading changes of 
t r a j e c t o r i e s .  
59 
Calculate path length & turn 
angles from table 4. 
Figure 11.-Tra jec to ry  a lgor i thm for problem (a ) .  
60 
a 
7r
-

2 

9 

0 

7r 

-7r 

I I I I I I I 

-3 -2 -1 0 1 2 3 

d 
Figure 12.- Switching diagram f o r  problem (b ) .  
Figure 13.- F l i g h t  p a t t e r n s  fo r  problem (b) . 
62 
_._.. .. -. - . .. ._.. . .... ... .- .-_ I 
Pattern type Pattern index Note: c = c o s  
d = d i  
8= 8i 
iR= 1 Sg = C $- 1 

d:S, 
9 - O  
iP ,-I G cor.l 
LSL 1 
RSR 2 

LSR 3 

RSL 4 

SL 7 

S A  8 

RL 9 

LR 10 

L 11 

Figure 14.-Trajectory algorithm for problem (b). 
\ - /  ­

ip= 12 h = 2 n - *  
1 + C + - d
0 O s i  --T-
Figure 14.- Concluded. 
64 
LS RS 
LS RS 
(a) Control law 
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i r=  1 
iP Pattern type 
13 s 
12 R 
11 L 
6 RS 
5 LS 
9 LR 
10 R L  
14 None (Po EPf) 
I 
Figure 16.- Trajectory algori thm for problem ( c )  . 
Required profile 
v(J<Vf 
t t 
L2 = 
L, < L < L 2  
Figure 17.- Speed p r o f i l e s  f o r  speed control. 
67 
Figure 18.- Pa t t e rns  of s t re tched  pa ths .  
Figure 19.- Locus of centers  for c i r c l e  C,. 
3 

2 

2' 

Ls 
l !  
11 

E 
C 5 10 15 20 

Ld 

Figure 20.- Unstretched versus  s t r e t ched  p a t h  length .  
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I I 0 Vi = MIN IV,. VI), 
V2 = MAX IV,. Vtl. 
L2 ' IV1 t V21 I - L 1  
II '  t +.  
Vn=O --t 11 = (D 
12; Q) 
Figure 21.-Algor i thm for c o n t r o l l e d  t i m e  of arrival.  
1 
Y 
21.8km 
Conditions Initial Final Constraints 
x coordinate of Po, km 5.2 0 Turning radius 6.45 km 
y coordinate of Po, km -12.5 0 Acc., dec. 0.61 m/sec2 
Aircraft heading, degrees 216 0 Max. speed 154.5 m/sec 
Speed, m/sec 149.6 67 Min. speed 67 m/sec 
Altitude, m 1520 456 Sink rate 305 m/min 
Time, sec 0 360 
Figure 22.- Parameters f o r  example problem. 
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'I'  

I I 
-
a1 = A a  
a 3 = A a  
I 
V "  =o + 11 = (D 
12' (D 
Figure 23 .- Speed profile ca lcu la t ion  for example. 
Turn 
altitude 
I'left Turn left 
150 
120 
V, m/sec 
60 
30t 
01 

1600 
1200 
Altitude, m 800 
400 
-
I I 
II I 
I 
I 
I I I 
I I I 
0 
90.5 
I 103.6 
1 18.6 
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Figure 24.- Synthesized overall p r o f i l e  on t i m e  re fe rence .  
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Figure 26. - Path length  ca l cu la t ion  f o r  nondegenerate case.  
Figure 27.- Path length ca l cu la t ion  f o r  degenerate case.  
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